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YAK 519.2

ABTOP KHHIH H3BeCTeH CBOHMH palOTaMH [0 mpHMe-
HEHMI0 MeTOAOB (YHKUHOH2JALHOr0 aHaJju3a M TeOopHH
MepE K BOIPOCZM TEOPHH BEPOSITHOCTEH.

MacTrepexkn sanMcaHHa® KHMra COJNCpPXHT KOMHaKTHOe
H B TO € BpeMs HNOJIHOE H3JOXEeBHE OCHOBAHHI TEOPUH
BeposTHOCTeR, BKJIIoueHO MHOrO NOJIE3HHIX JONOJNBEHHA H
ynpaxXHeHHH.

Kunra moXeT CcnyXHTb XOpOWHM Y4yeOHHKOM AJIs
CTYJEHTOB H acCIHPaHTOB, XENJOUIHX CEpLe3HO HIYUHTh
TEOPHIO CAYyafiHHX NPOIECCOB, H OTJHYHBIM CNPaBOYHH-
KOM QRIS CNEHMaJIHCTOB,

Peduxyua auteparypbt n0 80npOCaM MATCNATUHECKUX HAYK

Hug. 2-2-3



Om nepesoduura

3To H3faHHe 3anosHseT Inpobes B BePOSATHOCTHOH Ji-
TepaType Ha DyCCKOM f3HKe. Y HaC HeT KHHTH He(onb-
moro o6beMa, Nocne H3yYeHHS KOTOPOH MOXHO OHNO Gii
YHTATh MOHOrpaduuecKyio H XYDHANBHYIO JIHTEpaTypy NoO
Teopuu sepositTHocTei. Co BpeMeHH BHXOAa B CBeT CO-
BepLIMBLIEH NEPeBOPOT B HayKe O BEPOATHOCTAX MOHOrPa-
¢un A. H. Koamoroposa ,,OcHoBHBEE IOHATHS TEODHH Ee-
posTHocTe“ mpomJo yKe Gosee Tpuauatu Jer. Haspena
noTpeGHOCTb B KHHI®, OTBedawollell COBpeMEHHOMY COCTOf-
HHIO TEOPHHM BeposTHOCTeH (Zake ecnH OCTaBUTh B CTO-
poHe Bomnpoc 00 yCcoBepIIeHCTBOBAHHH aKCHOMATHKH Ko.l-
MOTOpoOBa).

Bnaropaps TmatenbHoMy oT6opy M INpPOAYMaHHOMY
H3JI0KEHHI0 MaTepHana kuura npodeccopa )K. Hepé co-
JIePXKHUT BCE OCHOBHHE CBENEHHS H3 TEODHH Mephl M HH-
TEerpUpOBaHUs, HYXHHE B TEODHM BEPOATHOCTEH, a Takxe
paxkHefHe BEPOSTHOCTHBIE PE3YyJIbTAThl, KOTOpHE, OYAYUH
HHTEpEeCHH B caMu no cebe, CAYXAT TaKKe HHCTPYMEHTOM
IPY H3yUEHMH APYrHX BEPOATHOCTHHIX NpobneM Wiy Je-
JaT B oCHOBe Gosiee TOHKHX H rsyGokux Bompocos {ce-
napa6enbHOCTh U H3MEPHMOCTb cAyuadHHX QYHKUHI, Map-
THHTaJbl, MAapKOBCKHE [POHECCH M T. A). ABTOp BKJIIOUYHI
B KHUI'Y TaKo# HeTpPagHMUHOHHH{ B BEpPOSTHOCTHOM Kypce
MaTepuan, KaK KOMIaKTHble BepOSATHOCTHBIE MeDLl M HHTE-
rpUpoBaHNe Ha TONOJNOTHYECKHX mnpocTpaHcTeax. Ilpappa,
B KHHre He H3J0)KeH OAMH M3 CaMBIX MOUIHBIX MeToHO03
TeODHH BEPOSITHOCTEH — MeTO] XapaKTEepUCTHUECKUX (DYHK-
UMA, OJHAKO AOCTATOUHO NONHOE €ro H3JOXeHHEe HMeeTcH
BO MHOr#X yueGHbIX nocoOusXx W MoHorpagusx.

Ynauno nopo6paHdble NONONHEHUS ¥ ynpaxcHeHHs INo-
MorawoT Oosee rnyBoKo YCBOHTB OCHOBHOH TeKcT. Kpowme
TOr0, B HMX HaMeueHb BaHble 0600uleHHS W TpHMeHEeHUs
H3JjaraeMblx pesynbTaToB. IIpH Bceil NTaKOHMYHOCTH CTHIA



6 Ot nepesojuka

KHHUTAa HanHcaHa ouehb ACHO. TeM He MeHee AAH uTeHus
ee TpefyeTCsi MOCTATOYHO BBICOKAH MaTeMaTHYeCKas Ky.Ib-
Typa H JKENAaTeNbHO HEKOTOPOe IIpefBaPHTE/BHOC 3HAKOM-
CTBO C 3/JeMEHTAMM TeopHI BeposTHocTell.

Ileperon cmeman c ¢pannysckoro Haganusa 1964 r.
¢ y4eTOM BCEX H3MeHeHHHI H Jo0aBJeHH#, BHECEHHBIX 4B-
TopoM B aHrauiickoe H3jaHue 1965 r,

9 mons 1968 B. Casonos
Mocksa



IIpeducaosue

Teopusi BepOsATHOCTEH H, B HACTHOCTH, TEOPHA CJayuai-
HbiX TIPOUECCOB H BEKTOPHO3HAYHBIX CJAY4aHHbIX BEJHYUH
B MX COBPEMEHHOM COCTOSIHHHM He MOTYT OBbiTbh HOHATH 0e3
riy6oKoro MNOHHMaHus TteopHu Mepnl. Haa toro, Kro xo-
yeT MNPHHATb y4YacTHe B NaJbHeHINEM DA3BUTHA TEOPHH
BeposTHOCTEH, HEXOCTATOUHO MPOCTOro 3HAKOMcTBA ¢ QyH-
JaMeHTaJbHLIMY NOHATHAMH H Pe3y/ibTaTaMH TEOPHH MEpHI;
HeoOXOAMMO TaKXXe OBJafeThb €e TeXHHUECKHM annapaToM
M HAy4HThCS MCIOMb3OBATb €ro B HOBBIX CHUTYaUHAX.

C xpyro#i CTOpOHb, HAacTO NPHXOAHTCA CJABIIATbL -~ H
B HEKOTOPOM CMBIC/IE 3TO BIIOJIHE ONPAaBJAHO — YTO TEOPHSA
BEPOAITHOCTEN €CTb NMPOCTO PA3AEa TEODUM MEPH; OLHAKO
B IIpenesax TeOPHH Mephbl TCOPUS BEPOSTHOCTEH BHIAENAETCS
npuponol Tex BONPOCOB, KOTOPHIE OHA CTApaeTcs paspe-
IUHTh, NPUPORA XKe 3TA onpenesseTcs He caMoit Teopuei
MepH, a QulocohCKHM U NPAKTHUECKHM COmepXKaHueM
TIOHSITHSI BEPOSTHOCTH.

C 1959 roama mpogeccop Hesé umran sTor Kypc Ha
daxyabTere Hayk B ITapwxe. Her neo6xoxuMocta npes-
crap/ifiTh npodeccopa Hepé cnenmanucram no teopuu Be-
posTHocTe#t. Bceero 3a HecKO/IbKO JieT OH NIPHBJIEK HX BHI-
MaHue CBOMMH OJIeCTAIMMH HCCAEJOBAHMAMH; ORHAKO He
BCEM TAaK XOPOWIO M3BECTHO, KAK MHE, HACKOJbKO BHICOKO
LeHSIT HAaIUK CTYJAEHTH M MOJIOABIE YHUCHhle €ro XXHBOH i
SICHbIH MeTton mpenopaBaHus. UMTaBmuiica uM Kypc, 060-
TalleHHHIH ero IejarorHYecKHM OINLITOM, JIEXKHT B OCHOBE
HacTose# KHHUTH.

Kuur no teopum Mepb Hemasno, uactTb u3 HHX Goraue
no Marepragy, 1 HeKOTOphIE MPEKPACHO HalucaHbl. Sl yxe
YKa3elgaJ, onHako, nodeMy BepPOSTHOCTHHKAM HYXeH Kypc,
HamycaHHBIA CnenuaNbHO AJS HUX; KpOMe Toro, AJist Ha-
YHHAIOWMX MpeNIoYTHTENbHA KHIra He6OJbIIHX DAa3MepoB.

Ilpn TakoM nosOXeHMH Belleli ecTeCTBEHHO, YTO ENbio
npocdeccopa Hesé Oblo HamucaTb KHHUTY, 00beAHHAIOLIYIO



1 Ilpenuciosue

pesyJaLTATHl Pa3jJMUHBIX HCCJAENO0BAaHHUIl, a BOBCE HE OPHIH-
HaJbLHYI0 MOHOTpadHIO; aBTOD He MpeTeHAVET Ha sBeJleHie
HOBLIX KOHIeHIH#i HIH yCTAHOBJNeHHe HOBLIX Teopem. Tor
¢daxT, uro Kaxkgas rnaBa cHalxkeHa BecbMa [OJE3HbIMII
JIOTIOJIHEHHSAMH H yIpaXKHeHWSMH, NOJuUepKHBAET CYLLecT-
BCHHO yueOHBIA xapaKTep KHMIH. B 3TOM OTHOILEHHH 5 XOuy
OTMETHTb ABa ece JOCTOMHCTBA: BO-NepBLIX, aBTop Haberaer
rpomo3akux obosHaueHi, BO-BTOpLIX, B H3JIOXKEHHE Nped-
mMeTa, [0 CyuiecTBy cBoeMy abcrpaxTioro, oH Ge3 KoJe-
Oauifi BBOAMT MOSICHEHHS, COAepHAKaLUie TY HAH HHYIO HH-
TepOpeTalyo, ycTaHaBIHBaoUIke IPHYHHHbIC CBS3H W NpH-
BIexalolye BHUMAHHE K BO3MOXHBIM ommHbKawu, _

TeM He MeHee KHMra OTJIHYAETCT NOXAHMHHON OpHrH-
naJasHOCTbIO. Ilpex e Bcero, Ho colepXaHHIO — K Tpaxi-
ILHOHHOMY MaTepHany IO TEOPHH Mephi W HHTErpuposa-
Hus poOaBJeHBl pasaduHbie TeopeMbi O IIOCTPOEHHH Be-
POATHOCTH MOCPEACTBOM IHpoJo/XKenuA ¢ ajrebper Ha
g-aarefpy, ¢ KOMIAKTHBIX MOXK.1aCCOB Ha Ho.ayaJareSphl,
¢ KOHEUYHHIX NpOHM3BeJeHHH NPOCTPAHCTB Ha OGeCKoHeyHbe
ipon3BeleHnst npocrpancTs (reopemst Kogmoroposa u
Tyaun) m T. A, BKaIloueHs Takde TeMH, KaK H3MepH-
MOCTL, cenapabe/bHOCTb, NMOCTpOEHHE CAYUIIIHBIX (PYyHK-
un#l, YyCIOBHbBE OWHIXAHHA, MapTHHraan, Pe3yabTaThl
ofliero xapakTepa HAJIOCTPHPYIOTCS! NpHAMEHEHHsIMH K MO-
MEHTAM OCTAaHOBKH, 3DroJHYeCKOH TEOpHH, MAapPKOBCKHM
npoueccaM, a Takxe K paay Apyrux ob.gacrteil. Bce 314
NpHMeHeHns pellKo BKJIOHAJOTCH B Kypch! TEOpHH Mepbl —
HEKOTOPHIE H3 HHUX IIOTOMY, YTO COOTBETCTBYIOLIHE Pe3y.b-
TaThl AHIIb HeLaBHO OLINH NOJYYEHB!, JPYTHe — IOTOMY,
yro, OyAyuH BeCbMa BaXKHBIMH A5 TEOPHH BEPOSTIOCTEH,
OHY HeE INPeACTaBJAIOT, BO3MOXHO, OOJBIIOTO HHTepeca
C TOYKH 3peHHa obuwieil Teopuu MeDoL.

OpHraHaAbHOCTL NPOSIBJIAETCHA TAKXKE B NOCJACAOBATETb-
noetn nanoxenus. OcobenHo MHe L[PABHTCH TO, 4TO MNpPO-
¢peccop HeB€ cucremaTtHueckn BhiABHTAaeT Ha NepBLil maaH
anre0panuecKue CTPYKTYPbl ceMeHCTB CoOObITH{i (Oy.1eBbi
aaredpel, o-aare6pel ¥ T. A.) ¥ u3beraeT npexkaespe-
MEHHOI0 BBeJEHHS TONOJNOTHHECKHX IOHATHH; B peay.b-
TATE elle OTYETJiBee BLIACHETCH 3HaYedHe IOCAELHUX.

Ha npoTsAxcHIM Bcero H3JOKeElNs asToODY YAAJI0Ch
iofo0paTh BecbMa KOPOTKHE H H3SLLHbLIC AOKA3aTeabCTBA,



[lpeaucnosne 9

TaK 4TO, HECMOTPA HAa HeGoJbwWOH 06beM KHHIH, B Hel
COJEPKHTCH YAMBHTENLHO MHOro Marepsasa, HMasyuarwortes,
Hanpumep, XOTH M KPaTko, npocrpancTsa L, H paxe —

€ TOMOILBIO YMEJIOro HCIIO/Ih30BAHHUA JONOJMHEHAH ¥ yIpaXK-
HEHH X — TEOPHH CTATHCTHUECKHX pellleHHH H JOCTATOMHBIE
CTATHCTHKH.

HuckoJbKO HE PHCKys, £ MOTY NIPEACKA3aTh TOH KHHTe
JOJTYI0 XH3Hb M OoJbuiof ycHex —u Kak y4eGHUKY AJsA
MOJrOTOBMEHHLIX CTYAEHTOB, M KaK CHOPAaBOYHHKY IS
cIielHaJIHCTOB.

P, dopre

Asrycr 1965
JKenena






Beeoernue

[IpeaMeTOM TeOPHH BEPOSTHOCTEH SIBISETCS MaTeMa-
THYecKHH aHAMH3 mouATHs cnyyafinoctu. Crporoe noctpoe-
HHE TeOPHH BEPOATHACTEH, KaK H BCAKOH MaTema‘mqeucKoﬁ
NMCIMILIHEB, BO3MOXHO JHIIb Ha OCHOBE HEKOTOPOH CH-
CTEMB TOUHHIX onpejeneHHit M akcuoM. PopMynuposka
TaKHX MaTeMaTHYECKMX OCHOB H MaTeMaTHHeCKasl paspa-
60TKa TEOpHHM HMCTOPHYECKN OTHOCATCH X TPHALATBIM IO~
JaM yauero BeKa. VIMeHHO K 3TOMY NepHOLY TEODHS Mephl
H MHTETPHDOBAHHS Ha NPocTPaHcTBax' oOuel NpPUPORAH
OoKasajnach JAOCTATOYHO pa3BHTOH, 4yToOb OGECNEeUHTh TeD-
pHIO BepoATHOCTeH GYHZAMEHTaJbHHIMH ONDeXeNeHHSIMH H
cHabGAuTh ee BecbMa MOIIHHIM almapaToOM HCCJeNOBaHHS.

C Tex HOpP MHOTOUHCJEHHBIE BEpPOSTHOCTHBIE HCCJELO0-
BanHA, NPEANPHHATHIE KaK B YHCTO TEOPETHUECKOM, TakK
M B NIPaKTHYeCKOM InaHe (B TOM 4HCJe M Te, B KOTOPHIX
HCIONB30BANHCh (DYHKIHOHAMBHEIE INIpoCTPaAHCTBA), JIHIIb
HOATBEPAHAH CYlLIeCTBOBaHHEe TAYOOKHX CBSI3ell MeXLY
TEOpPHEH BepOsTHOCTEH M TeopHeH Mephl. DTH CBS3H Ha-
CTOIbKO OJMH3KH, 4TO HEKOTOPHE ABTOPH CKJIOHHH CHHTATh
TEOPHI0 BepoATHOCTEH He 6oJiee KaK BEeTBbIO (XOTS H HCK-
JIIOYHTEJIBHO BaXKHOH!) TeopHH MepHl.

Bo BcakoM ciayuae, eciqH He orpaHHYHBATBCH H3yge-
HHEM BechMa 3JIEMEHTAPHHX BEPOSTHOCTHHIX Mogenef u,
B YaCTHOCTH, HE OTKa3hiBAThCH OT PaCCMOTPEHHA Caydai-
HBX GyHKHuH, Tay60Koe H3yueHHe TEODHH BeposTHOCTEl
H MaTeMaTHYECKOH CTaTHCTHKM B HacTOsliee BpeMms He-
BO3MOXHO 6€3 NOCTOSHHOrO OGpAlIeHHst K TEOPHH MepH.
Crenyer oTMETHTB, YTO IPEANPHHHMAMUCH TIOIBTKH TPaKTO-
BaTh BONPOCH CXOAHMOCTH B TEOPHH BEPOSITHOCTER B Y3KHX
PaMKax uayueHHsi QyHKUHMA paclipemeneHHd, ONHAKO 3TOT
HONXOM NPHBOJHUT JHIIE K OOMaHUHBEIM YIPOILEHHAM H el
Gonee 3aTeMHseT HHTYHTHBHHE OCHOBH 3THX BOTDOCOB.

Hactosimias kuura cofepXut ocHosHON Matepuan
Kypca JieKuuif, paccyHTaHHOIO Ha CTYJAEHTOB, yXKe BJa-
ACOIHX HEKOTODHIMH 3JEMEHTADHBIMHU JIOHSATHAMH TEOPHH
BeposaTHocTed. Hasmauenue ee — gath coaujgHylo MateMa-
THYeCKylo 6a3y AJsl M3y4eHHN TEOpHM BeposTHocTed. ra
KHHTa MOXEeT CJYXHTh BBE/JCHHEM B TEOPHIO BEPOSITHOCTEH



12 Bpeneune

JHUIL NI yHTatesded ¢ JocTaTOuHO BhICOKOl MaTemaTu-
YeCKOH KyJabTypoil.

[naBras ue1b aToro Kypca, ciaefoBaTeIbHO, — HAYYHTD
YHTATENA NOJb30BATHCS MOUIHLIM ANNADATOM TEOPHH MEpHI,
YTO JacT €My BO3MOKHOCTb BIOCJEACTBHH pazodpaThes
B Ji06oM Bompoce TeopHu BeposiTHocTell. OcHOBHON TexcT
JONoJIHAeTCH MHOTOYHCJEHHEBIMHY ynpasxHeHusAMH. [ToCcKoabKY
H3JaraeMeil npeaMeT HMeeT AOBO.JIBHO ,TEXHHYECKUH“ xa-
paKTep, MBI HACTOATEC/JABHO COBETYyEeM IHPOUMTATbL M IMOIMIbI-
TaThcsl peulnTh 60JbIIHECTBO ynpakHeHuil (a4s o6aerye-
His 3Toft pabOTH MHOrHe yNpayKHEHHSI CONPOROKILANTCA
HabOpockamu peuenusi). Caelyq npouyno ycTaHOBHBILIeHCS
K HacTosiu(eMy BpeMeHH (paHUy3CKON TPaj MU JJAd BBOJ-
HBIX KypcoB, MBl He pxaeM Oubanorpaduyeckux CIPaBoK
B TEKCTE I, 32 peLKHMH HCKJIOYEeHHSMH, HE YKa3blBaem
NpUHAJJICAKHOCTI H3JMaraeMbX pe3yAbraToB HX aBTOpaM.
B kouue xuuri uirtatenb Halger KpaTtkylo Gubanorpadiuio
KaK K OCHOBHOMY TEKCTY KHHMTN, TaK H K JOIO/HEHHAM;
B 4aCTHOCTH, OOJIBIIMHCTBO ynpamueHni#l ocKOBauo Ha pa-
6orax, ykaszaHHnX B 3TOH Gnbauorpadun.

Mu ne xoreair 6bl CKpBIBaTb OT unTaTe’s Toro dakra,
UTO TEOpHs Mephl —He eNuHCTBeHlsll (XO0TS H OCHOBHOIT)
HHCTPYMEHT TEOPHH BEpPOSITHOCTEH; Mbl He Morau Obl
HACTAMBATh HA TOM, UTOOB Y¥TaTe1b H3YUHJI, €CJAH OH eule
3TOT0 He CJles1aj, OCHOBHBIE MOHATHS TONOJOrHH, TEOPHIO
MEeTpHYeCKHX NPOCTPAHCTB H TEOPHIO THAbOEPTOBBIX M Oa-
HaXOBH X MpOCTPaHCTB. B orpaHHyeHHbIX pamMKaX 5TO KHH-
rn.HEBO3MOXHO OBIIO MOMECTHTb Kakie-T1M00 BBejeHUS B
3Tl Teopul. HekoTophle ynpaxueHus;, u jfaxe OTHeIbHbIE
YacTH OCHOBHOTO TEKCTa'), HCHONLAYIOT NOHATHS, 3aUMCT-
BOBAHHbBIE H3 3TIX TEOpHH; OJHAKO HAUYHHAIOUHIT YNTATE1b
MOXEeT NponycTHTb X 6e3 O6Os3HI HOTEPSTh HUTh H3JI0-
MEHIsl; B TO e BpeMs O6ojaee [OJITOTOBJIEHHOIO 4iTa-
TC.1, EO3MOXKHO, 3allHTEpecyloT YKa3aHHbie TaM CBS3H
C JPYTHUMH 0071aCTHMHI MaTEMATHKI.

sl xoTen 6B BOCHOJMB30OBaThesd caydaeM nobnarosaputb
npodeccopos P. ®opre, M, Jlossau A. TopTpa 3a ux coBeTHl
u nojajepxKy. Ha oxonyartenbuoil (jopMe 13104 eHIs ckasa-
Jach TaKXe peakuMs CTYAEHTOR, CJAYIIABLINX MOl Kypc.

1) Mu noNersIn 11X 38€3A0YKOM, K. Hesgé



CITUCOK OBO3HAYEHHA H COKPALIEHHWA

l — Komen, A0Ka3aTesnLCTBA
(*) — TpyREas wacTh TeKcTa HAH TPYAHOE
ynpaxHerHe, tpelbylolllne HHOTAa
3HAKOMCTBA ¢ NOHATHAMH, He onpe-
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(z.) c. &.—(neficrBurensuan) caydafnas QyHK-
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Faasa 1

Bepoamrocmnovie
npocmpancmean

DyHpaMeHTaNbHLIMH NOHATHAMH TEOPHH BepoATHOCTeH
SBJSIOTCH INOHATHA cobbitus B eepoarHocru. C akcHoMa-
THYECKOR TOUYKH 3peHHS COOLITHA NPEACTaBAAOT coboi
MaTeMaTHyeCcKHe O6GBEeKTH, KOoTophle MOMXHO KOMOHHHIDO-
BAaTh C OMOUIBIO JIOTHUECKHX olepanui ,Her“, ,u“, ,nan”
(8 cooTReTCTBHH C IpaBHJIAMH, ONHCAHHBEIMK B II. 1 HacTo-
sile# IJIaBhl), 4 BEPOATHOCTh €CTh YHCJIOBAA XapaKTepH-
CTHKAa KJaacca co6hITHH, cBoficTBa KOTOpPoH no onpeje-
JICHUIO aHAJOrHyHbl CBOWCTBRAM uacToTH (cM. 1, 3).

Jpyr#M BaXHHIM [OHATHEM, KOTOpOe Hepegko BBO-
AHMTCH KaK NepBHYHOe IIOHATHE TEODHHM BepPOHATHOCTeH, AB-
JsieTCA IOHATHE 3AEMEHTAPHO20 cOObITUN WIH, HHBIMM CJO-
BaMH, pesysabTara cilyyaiHoro skcnepuMenta. Ecau orpa-
HUYHMTHCA ECTECTBEHHLIM COIVIallleHHeM paccMaTPHBATh JHIIL
Te COOLITHA H 3JeMeHTapHHle COGBITHSA, KOTOPHE OTHOCATCS
K H3yyaeMOMy 3KCIepHMEHTy, TO KaXjoe 3JeMeHTapHoe
cofLITHE IO caMOMy ero onpeje/eHHI0 HeoBXOXMMO olpe-
AeasieT aubo peanusanuio, Au60 Hepealu3aUU0 KaXkIOro
H3 coOGuTtui. BBeseM MHOXecTBo §! BCeX 3/eMeHTApHBIX
cobuituit (BO3MOXKHEIX pPe3yJbTaTOB pAaccMaTpHBAEMOTO
SKCHEPHMEHTA) U HAeHTH(QHIPYeM KaXJoe cOoGLTHE ¢ NOoX-
MHOXECTBOM TeX 5JeMeHTaPHLIX COGLITHH, KOTOpHE peau-
3yIOT 3TO COGHITHE. BepoATHOCTb HPH 3TOM CTAHOBHTCH
¢yERnEed MuHoXecTBa aHAIOTHYHON o6beMy, omnpejgeseH-
HOMY Ha HeKOTOPHX NOJMHOXECTBaX eBKJAHLOBA NPOCTPaH-
cTBa, Onucanmnlit nogxox npeacraBiafeT colof HOAXOX
C TOYKH 3DeHHA TEopHH MepH u GyHeT Pa3BHT B mepBoil
Tiiane.

Yro kacaercs BEepOATHOCTEH, TO HX MEl olpefe’aseM
CHauana na Oy/ieBmx anre6pax (uaH, Kak B 1. 6, Ha Gy-
JICBLX moayanre6pax), sareM NpojfoJKaeM Ha Cg-ajre-

PH W, TakuM 06pa3oM, KOHCTPYHDyeM BepPOATHOCTHEHIE



16 I'a. 1. BeposiTHOCTILIE BpOCTPAHCIBA

HPOCTPAHCTBA. DTOT 10AN0L HMCET TO IPEUMY LIleCTBO, UTO Olf
SIBHO BbLIEISET BECbMa BaXKHyH TEOPEMY TFeOpHH Mephi
0 IpojoaXeHul. Kpoye Toro, NpuH NOCTPOEHHH BeposST-
nocTeil B EBKJAMAOBLIX INPOCTPAHCTBAX, . PABHO Kak H
B IIpoM3BeJAeHHsX npocrpaHcts (cM. ra. IIl), BepositHoCTH
OKAa3bBAIOTCS €CTECTBEHHO ONpPEACIEHHLIMH CHaYaJ/ a Ha avl-
re6pax ¥ noJayaJarebpax.

1.1. CoGpiTHR

[lepBHuyblM TIOHATIIEM TEOPUH BEPOSTHOCTEHR fB.IsIETCA
nousitue coduiTHst. Mur 6ygeM paccMaTpuBaTbh COGHTHA
JUUIb ¢ TOYKY 3PEHHS HX OCYLIECTBJEHHUS HJIH HeoCylle-
cTBAeHHs. AHaaH3 3Toro NOHATHs NPHBEAET HAC K TOMY,
uyTO MBl HaJEJHM MHoKeCTBO CoOwiTHiHf, KOTOpbie MLl pac-
cMaTpUBaeM B CBSI3H C HEKOTODOH omnpepge’eHHol 3agaueil,
cTpyKTypo# Oy/nesolt aareGphl.

PaccMorpia cHayada gBa CIElMAJbHBIX COOBITHSA: He-
sgoamoxcHoe cobuitue, oboidnavaeMoe &, u docrosepHoe
coboiTue, ob6osdavaeMoe .

Kaxaomy coObiTHiO A 10oCTaBuM B. COOTBETCTBHE Jo-
noaHureasHoe cobvitue, oboszHauaemoe A°. Tlo ompejeae-
o cobmrtue A° peaausyeTcs Torja M TOJIBKO TOraa,
Korna cobniTHe A He peaauzyeTca. BeeneM Kak akCHOMBE
cleayioulre cBoHCTBA 3Toft onepaiuu (OHH IPEACTABIAIOTCS
HHUTYUTHBHO® OUEBMJHBIMI):

(A°)f = A; @f=9Q; Q° = .

Kaxjoii nape cobutuilt A, B nocraBuM B COOTBETCTBHE
ciaengyooulne aBa colbitust: obsedunenue A u B, nouu-
maeMoe kak ,A uau B* u ofo3nauaeysoe AJB uin
sup (A, B), u nepecezenuc A u B, itonyaeMoe Kag
LA 11 B* u oGosnauaemoe ANB, AB uan inf(A4, B).
Ilo omnpegegenuio cobuiiue AU B npoucxoaur Toria H
TOJIBKO TOTAd, KOrJa IIPOHCXOTIHT HO KpaiineH Mepe o/1HO
H3 cobuituli A, B, a cobuTHe A{}B NpOHCXOAHT TOTAd H
TOABKO Toraa, koria npoucxogsrt oba cobuitug A n B.
Onepaunt OGBCANHEHHS H ICPECEUEHHT KOMMYTATHBHH H
acCoUH aTHBHBL:

AUB=BUA, ANB=BNA,
(AUB)UC=AUBUOC), (AnBNC=An0BNC),
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raK UTO BCSIKOE KOHEUHOE HeNycToe CeMeHCTBO COOHTHI
{A, i€ I} umeer obvennnenne | JA;=sup A, u nepeceue-
1

AHE nA,=irleA1. Caexyomue GopMyJTsl BBOAATCA ONATD.
I

KaK aKCHOMHEI
AUA=A, AlA =A,
AUA =9, ANA =@,

KaK AKCHOMBI BBOJSTCA TaKXe CJeAylollde COOTHOLICHUSA
A HpOHBBOJIbHOI‘O KOHEYHOTO HelyCcToro ceMeHcTBa CO-
Gutuit {A,, i< I}

(Umf=0ﬁ,(0Af=yM.

Hakonen, onepauuu oObeJHHEHHS H IepeceueHHA JH-
CTPUOYTHBHE 110 OTHOLUGHHIO ADYT K JpPYTy:

Bﬂ(l;JAi)=l;J(BnAi); BU(OAi)=O(BUAi)-

Ctpykrypa, KoTopas o0pasyercsi Ha MHOXeCTBe CoObI-
TUHl BBEJEHHHIMHU ONIpeJeJeHHSIMH H aKCHOM aMH, Ha3kLIBaeTcH
CTPYKTypOil Oyaesoii aseebpei. BecbMa BaXHbl TaKXe Cle-
AyoniHe BCHNOMOTaTeNbHEE IOHSTHS, KOTOpHIe OIpeje-
asiotcss Ha OyaeBoli anre6pe coGuITHH.

JBa cobuitua A, B, rakue, uro A} B = &, nasninaorcs
B3AUMHO UCRKAIOYQIOW UMY WA Henepecekaowumnucs. Obbe-
NHHEHHE HenepeceKaloUIMXcsl COObLITHHA MBI Ha3blBaeM Cyi-
moii w obosnavaem A+ B BMecto AUB. Ananoruuno,
ecan {A4;, i =]} —3azanHoe KOHEUHOE HENYCTOE CEMEeHCTBO
nogapHo HelepeceKaiouuXxcss coGHITHH, TO X o6beduHeHHe
HaswbiBaeTcH ,CyMMoH cobutuit A; (i € 1) u obosnauaercs

; A; BMecTO UA,. _
1

Pasnocrsro nsyXx cobuituit A, B nasmizaior co6utne AB°
n o6osnauaioT ero A—B. Cummerpuueckoil pasHocTsi
IBYyX cobuituit A, B nasnBaior cobrithe (A — B)+ (B —A)
H ob6o3sHauaior ero A A B. Cob6umitHe A— B npouCXOXMT
Torfa ¥ TOJMbBKO TOrAa, Korhda cobniTHe A mNPOHCXOLHAT,
a cobuitue B ne npoucxoaut. CoGritie A A B npoHCXOAWRT

2 3ax. 1368
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Torga ¥ TOJbKO ToTjJa, Korfla IpPOUCXOLUT JIHIIb OJHO H3
cobriTuit A, B.

O6o3nauenus UA,, nA,, 21 A; y106HO pacmpocTp aHiuTh
! ! 1

.Ha TOT cJydail, Korfa ceMeiicrBo cobuituil I mycro. ITora-
raioT

Ua=2. ZI]A;=®, NA,=2 (I nycro).
I I

B cuny 3atoro ecrecTBeHHOro coryaliedisl BCe BhilllICaHHBIE
Boine (GopMyJHl, oTHOCSUIHECT K KOHEUuHOMY CeMeHCTBY co-
6miTitfi, CpaBefJIiIBbI TAKXKE W IS HYCTOro cemMefcTBa co-
G6utuii, KpoMe Toro, aTo CorwalieHue rno3poJasieT, HAIpHMeED,
3anHcaTh B NPOCTOM BHje (oOpMYyJay, COCTABJSIOULYIO CO-
IepiKaHue claeiyomeil aneMeHTapHOH JeMMBl.

Jemuma L.1.1. Jas ecacozo cemeiicrea {A;, 1 <i<<n},
cocroawezo u3 n (n>=>1) coboruil, cnpagedausa gopmyra

n rt_1 i—i
U AI=Z(Ai—UAi)-
j=1 i=l i=1

Ons poxazaTeNbCTBA JEMMBI BOCIOJb3yeMCs HEAYK-
uuefi mo n. Ilpw n=1 yTBep:KaeHHe JeMMbl OUEBH/HO.
n

HNaiee, nonoxus A=|JA, B=An, M BuiuM, uTo
1

JemMMa Oyper [oKa3aHa, eCnd YCTaHOBHTB, uro AUB =
= A+ (B — A), KakoBn 6nl Hu Guiau cobuitust A, B, Ho aro
COOTHOLIEHHe HABJSETCH IIpOCTHIM CJEJCTBHEM ollpefe-
JeHuii. il

OrMmernM, uTo npeAbAyllas JeMMa YTBEp)KlaeT Io-
NpoOCTy, UTO OAHO U3 COoOmTHH TNociaenoBaTeNbHOCTH
Ay o.., A, NPOHCXOAMT TOTAA M TOJbKO TOTAa, Korjpa cy-
IecTByeT IepBoe IpoHcXOAsimiee cobniTHe B 3TOH nocite-

i-1
mosateabroctH, (Cobuite A, —|JA; npoucxoaur toraa u
=1
TOJbKO TOTZA, Koria A; sBJSIETCSI NepBBHIM MPOHCXOASUIHM
cobuiTHEeM NOCJE0BaTe TbHOCTH.)

ToBopsT, uTo. cobutie A g.iewer cobutie B (cnmbo-

JiyecKH 3t0 ofosnagaercss A< B man B D A), ecn



I.1. CobuTusa 19

A=AB, uiu, YTo DPaBHOCHJIBHO, eciu B=AlJB. [Ba
cobutua A, B, ans xoropux A B u B < A, HasuipaoTcs
asrsusaaseHTHumu (A= B). DKBuBaJeHTHEIE COGHITHS MBI
pasnuyath He Oyjewm. OrHOoweHne ,Baeyer” sBaseTcs OT-
HOILIGHHEM INOPSAKa B MHOXecTBe coObiTHi, DTO o3Hauaer,

4TO
Ac 4
AcB, BcA=A=B;
AcB, BcCSA<C.

Bonee Toro, obvexunenve A B (uepeceuenne A B)
IBYX cobutuit A u B saniasiercss BepxHeH (HiXHeli) TPaHbIO
STHX COOBITHH OTHOCHTEJbHO PaccMaTPHBAEMOTO IOpSAKa:

AcC, B=cC &S AUB<C;
ADC, BoC &S ANBDC,

OTMeTHM, HaKoOHel, 4TO
A< B=B< A,

Honosnenusn u ynpaxcrhenus

LLI1. ITo/s3ysich BBeJEHHHMH ONPeAENEHHAMH H AKCHOMAMH, [O-
Ra3aThb, uTo AJA JOOuX cobutuit A, B, C, D cnpapeAJHBH CAeAYIoLHe
paBseHcTBA:

A~B=A~(ANB)=(AUB)~B;, AAB=(AUB)~(ANB);
(A=B)N(C~D)=(ANC)~(BUD);
(ANBAMANC)=AN(BAC),
(AAB)+(AAB)=Q.

1.1.2. TlokasaTh, uTO oTHOcHTeaAbHO onepauuit A u [ BcAkas Gy-
neBa anre6pa saBiderTcd (B anreGpaHueckoM cMbicsie) KOMMYTATHBHLIM
ROJBLOM ¢ enuuuueit (pasiof L), nias xoroporo AN A=A npu Beex A.
ITo aro#t npHynHe olEPaUHIO B3ATHE cUMMeTPHueckoit pasHoctH A Ha-
SHBAKT TakXke Oysesotl cymmol, a onepanHio B3ATHA nepeceyeHHs (|
Ha3awBaiT Gysesum npouaeedenuem. O6patHO, ecnd A —~ xoMMyTaTiB-
HOe KOJbLO c eAMHHuER, ckaxeMm K, raxoe, uto A- A=A npu Becex A,
TO onepauux

ANB=A.B, AUB=A4B4A4:B, A’=44+0Q

OnpenensioT cIPykTypy Oyunesoii anre6pn Ha . (CEMBOAH -4 # - 060-
SHAYAI0T 34€ch COOTBETCTBEHHO ONEPALHI0 CJAOKEHHA H YMHOXEHIS
B xoasne A.)

2*
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1.2, McmbiTaguA M 3jieMeHTAPHBIE COGLITHA

BropsiM noHATHEM, KGTopoe ofBIYHO C cCaMorO Hauala
BBOJIAT B TEODHU BEPORTHOCTEH, SABASETCH TOHSITHE HCIDI-
rauug. [loa ucnwrasuem mnOHUMAIOT 3KCIEPHMEHT ¢ 3Jae-
MEHTOM cayuaHocTd. PesyabraT menbiTaHusi Ha3bBalOT
asesnenTapHbim cobuiTuem. Kaxjaoe oTHocalleecs K pace
cMaTpHBAaeMOHR MOJeIH 3JeMeHTapHoe cobuiTHe BJeueT
Au€o HacTynJeHHe, HOO HeHACTYIJIEHHE KayKjoro JaHHOIO
cobriTHH, CBA3aHHOTO C paccMaTpHBaeMod Mojenabilo. Bai-
pasuM 3To COOTHOIIEHHE MeXAY MOHATHAMH 3JeMeHTap-
tioTo COOBITHS # COOBITUY B TOYHBIX MaTeMaTHUECKHX Tep-
MHHAX.

PaccMoTpuM CHauala MHOMKECTBO BCEX 3JIEMEHTaDULIX
coOBITHIT, CBA3aHHBIX C paccMaTPuBaeMoil MoJeabio. Bmecto
H3yueHHA caMoH moJean Mo OygeM paccMaTpHUBaTb 3TO
oTBeualoilee €H MHOMKECTBO sJeMeHTapHHIX cobuTuil. Kax-
JoMy cobbiTHIO A IOCTaBHM B COOTBETCTBHE NOAMHOXKE-
cteo A’ MHoxecTBa 3JieMeHTapHBX cOOBITHII, cocToAllee
B TOYHOCTH M3 Te€X S3/JeMelTOB, KoTopble peasausylior A.
FcrecTReHHo nonwsiTaTshes ,HaeHTHGuUuupoBaTth” A u A
C 37Toff Uesblo TNPEANONOKHM, NpeXAe BCEro, 4To COOT-
Bercrzue A — .1 B3alnMHO OJHO3HAUHO, T. €. 4TO NpOCTpaH-
CTBO 371€MEHTAPHEIX COOBITHH J0CTATOUNHO BEIHKO, 2 HMEHHO
LT KaXXALX JBYX pasjngHeix coOnituil cyumiecTyeT
1i0 KpadHeH Mepe OANO sJjaeMeHTapuoe cobbitie, peadil-
3ylolee OJHO H3 3THX coOHITHI K He pea.H3yiollec Jipyroe.

O6parumMca Teneps Kk onpepedennasm n. 1.1, JdocTosep-
HoMy cobnitiio @ coormercTByeT MHokecTBo &/, cocTosiuee
H3 BCeX 3JeMeHTapHBIX COOBITHE, B TO BpeMsl KaK Hepo3-
MOXKHOMY cOOHITHIO (& COOTBETCTBYCT MHOMKecTBO @
He co/lepiKalllee HH OJHOTO 3JeMeHTapHoro cobulTusd, Musimu
caosamu, & ecTb HNPOCTPAHCTBO 3JeMedTapHBIX CoOniTHil,
a @’ ectb mycroe noaMHoxectBo (Y. Ecau cobuituio A
COOTBETCTBYeT NopMHOXecTBo A’ B &, To cobwmmiio A%,
KoTopoe peaslu3yeTcs TOrAa H ToJbKo Torga, koraa A
HC peaJsu3yeTcs, COOTBETCTByeT MHoxecTso (A’)°, aonoJ-
HITEJbHOE K MHO}KecTBg' A" B @, r.e. Muoxecrso, CO-
crosiice M3 Tex Touek £ (3neMeHTapubIX CoOLITHII), KOTO-
phie He npumaaTexar A’. AHaaornudo, ccaun A, B — nna
coObniThst W A’, B’ —wmHowmecTsa B ¥, peasusyougie
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A u B coorBercTReHHo, To MHoxecTBo (AU B) [cooTs.
(ANB)Y] cocToHT U3 TeX AJeMEHTApPHHX COOHTHI,
KoTophle OpHHagnexar Jubo A’, au6o B’ [cooTs. n
A, 1 B].

Kopoue romops, ecau 0603HAYHTH ONEpalMH JAOMNOJHE-
Hus, o6beJHHEHHSI W INlepeceyeHdst B CMhbICJEe TeOpHH MHO-
)ecTB cuMBosiamMy °, J ¥ [] COOTBeTCTBEHHO, TO CKa3aH-

HOe BHIIIE MOXHO 34lMCATh B BHIE
(A% =(A¥, (AUBY=AUB, (ANBY=A4'NB.

Uuratesgb MoOXeT Tenepb yGeIUThCH, 4YTO OpH COOTBET-
ctBun A—> A’ BBejiennne B 0. [.1 aKCHOMBI IepexOmsiT
B COOTBETCTBYIOIHe AKCHOMH TeopuH MHOXecTB. CooTseT-
cteue A — A’ ycranaBiuBaeT usoMopohuam 6ysieroin ajareGpot
co6utuit 6 Gysnery anre6Gpy ¢ (£’), cocrosumyio u3 BCEX
NOJMHOXECTBE [POCTPAHCTBA 3JE€MEHTapHHX cobwituit £,
(B ofiem cnyuae CyumiecTBYIOT HOAMHOXeCTBa £, ne orTae-
yalllue HHKAaKOMY COGBITHIO.)

Mnr mMoxeM, TakHM 06pa3oM, HAEHTHQHIIUPOBATL COOBI-
THe A W COOTBETCTRyIOlee €My MHOXECTBO 3JIeMEHTApHBIX
co6urtiit A’. (3nak / B naJjbHelimem oT6GpacuiBaercs.) Pas-
JHYHBIM THoHfATHsAM 0. I. 1, Kacamomwumcs co6GHITHE, COOT-
BeTCTBYIOT KJacCuueckue MOHATHS TEOpHH MHOXecTB. ITo
o6CTOATENLCTBO OGDBACHSET, B UYaCTHOCTH, JIBOHMCTBEHHYIO
Tepmunosoruio § 1.1, a umenno:

‘A wiv B ob6bepnuenie A u B
A u B nepeceuenne A y B
A v B B3a}iMHO HCKJIOYAOT A u B He nepecekaroTcs
Apyr Apyra,
AoctoBepHoe CoGnTHE Q TIpOCTpaHCTBO
HEBO3MOXHOe co6miTHE IyCToe MHOXeCTBO {J

H3 sceco usaomennozo euiuie 8 OassvHeliwem Oyder
UCNOABL30BATHCA NO CYW,ECTBY Aullb caedyrouee:

(a) mroxecreo Q (npocTpaHcTeo 3AemeHTApHBLX  CO-
botrui);

(6) 6ysesa ancebpa nodmuoncecrs L (coboirui). Io
onpedeseruto byacea areebpa nodmuoxcecrs @ ecre kaace
nodmuoxecrs L, codepacawuii @, Q u 3amkHyTOl
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oTHOCuTEeAbHO onepayuti obpa30sarus JonoAHeHull, KoHey-
Hotx 00BeduHerl 1t KOHeuHbLX nepeceyenuli.

(Knacc & noxMHoxecTB MHoXKecTBa  HaawBaeTCs 3AMK-
HYTBLM OTHOCUTEABHO HeKoTopoll onepayuu ‘vajy MHoMKe-
CTBAMH, eCJuf IPH NPHMeHeHHH 3TOH omepauun K J100biM
nogMHoxkectTeaM Q, NpunajgiexamuM &, B pesyJabTaTe no-
Jdyuaetcss NojMHoxkecTBo , Toxe NpHHagnexaumee &.)
OrTmeTHM, 4TO B CIlIYy COOTHOUIEHHI]

AN ... NA.=(ASU ... UAL,
AU o Ude=(A50 ... N4,

a8 Toro utoOn kiace of Oua1 Oyaesoli asarebpoil, gocra-
TOuHo, uToGEl OH cojepxat &, @ u Gelr 3aMKHYT OTHOCH-
TENBEHO 00pa30BaHIA JLONOJHEHHIT H KOHeUHbX 00 bejHHeHuH
(uu ponosHeHHH W KoHeUHRIX NepeceueHHir). .

Jinsi BcaKoro Kiaacca & TojgMHOKecTB MHoxkecTBa £
cymecTByeT HauMeHsmasi Oyiesa aare6pa of DogMHO-
x)ectB Q, coxepxamas %. Taxoit Gyaesoll aareGpoi
SIBJsieTcsl KJaacc BCex MOJXMHOXecTB 2, NpuHajgIexalylx
BceM GyneBuM anreGpam (ogMHoxecTB &), comepia-
mumM & (nocaefHue CymecTBYIOT, Hanpumep, 7 (Q)). dra
HauMelbmas Oyiesa anrebpa HasugaeTcs Oynesoil anreG-
poil, nopoadentoii kaaccon &. KoHCTpyKUHS, L0KA3bLIBA-
uas ee cymecTBoRaHne, NpHMeHuMa H B GoJee ob6meit
cuTyauny; TO Xe coob6pa’keHHe I[OKa3bklBAET, UYTO ecJH
HMeeTcs HeKOTopoe Ko.TH1eCcTBO onepaliii Ha{ MEOXKeCTBaMH
(Bwime 310 GBIIN JlONOJHEHHE, KOHeyHoe OObeuHcHIe I
KOHEUHOE IepeceueHile), To AN BCSIKOrO Kiacca & Moj-
MHOkecTB {} cyniecTByeT mnauMeHblIIMM Kjacc NOIMHO-
)ect €, cojepxauyill € n 3aMKHYTHIHE OTHOCHTETBHO pac-
cMaTpHBaeMhIX onepaunii

JoxasnBaeMoe Hike npei’loxenne 2 paer Gosiee KoH-
KPeTHYK KolucTpyKuuwo Oy/eBofi aare6pul, NopoxkjeHHOI
knaccoM &. PaccMoTpHM cHayala Npocredumiit cIydait
Kotleunnix Oy.1eBHIXx aareOp.

,Onpenenenne [.21. Kouweunwtm pasdue-
Huem & ={A4;, i1} mioxecrsa Q HasvieaeTcs KoHeuHo?
cemelicTao HenycrslX nOnApHO Henepecexaroujuxca nod-
nuoxcecre Q, e odvedunenun OGarowux ece €.
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Koueunoe pasGueHne &/ MHOXecTBa £ HasnlBaloT npo-
Joamcenuem KoneuHozo pa3buenus &P, eciw BeaKoe NOL-
MmuoxecTBO Q u3 & ecrb 0GbesuHEHHEe HEKOTOPHIX [OLMHO-
xkecTB @ u3 &, uau (4TO, KK JETKO BHAETh, SKBHBAJIEGHTHO)
ecnu Kaxioe NOAMHoXecTBO @ u3 &/ coupepKuTcsd B He-
KoTopoM nogMuoxectse Q u3 &. OTMeTHM, YTO AJ5 BCIKMX
IBYX KOHeuHHX pasbuennii &, u &, MHOXecTBa Q cyme-
CTBYeT KoHeuHoe pasbuenue &, ssasiomeecs NOpOLOJKe-
suem o6Goux pasbuennit &, u &, B camom pgene, ecan
P ={A, i€I} u P3={B;, j= 7}, To B KadecTBe TaKOro
pasuenust &> MOXHO B3ATb ceMeHCTBO BceX HelyCTHIX
nogmHoxects Q Buna A4, NB; (i1, je).

IMpegnoxenune 1.2.1. Byaesa ascebpa A, nopo-
wdennan KoHeuHvim pasbuenuem & muoxecrsa Q, cocrour
u3 o06veduHeruli 6ce603mMoNcHuLX nodcemelicTs cemeli-
créa & (ecau & umeer n ssementos, To A cocrour uz 2"
aaemenros). Obparno, ecau A — koHeunasn 6yaesa arzebpa
nodmuonecrs Q, To muomncecrso ee aromos (Henycrolx nod-
muomecrs A muomecrsa R, 9aa koropux @ F=BCA,
Be A= B=A) obpasyer koHeyroe pa3buenue Q, nopo-
wdarowee JA.

KpaTkoe pokaszaTeanncTBO. IIpoBepka mepsoro
M3 yTBepXKIeHull DpensoKeHus HeCHOXKHA M MpejocTa-
BAfleTCH YuTaTeqio. J{1s [OKa3aTelbCTBA BTOPOTO YyTBEp-
KiaeHns 3aMeruM, uto ecin o ={A, {<I}— KoHeuHas
Gynesa aareGpa mogmHOXecTs £, TO xaxknoe IOJAMHOXe-

ctBO B Buna B = nB;, rze B; ects A; unu A; (i 1), mubo
I

nycro, au60 OpegcraBaser co6oit arom anreGpu of. Tlo-
CKOJBbKY BCAKHe JBa HelycThle MHOXecTBa B He Iepece-
KaloTcsl M NOCKONBKY Besikoe MHOxecTBo A& A (B wacr-
HocTH, Q) sBAsieTcs 06'be MHEHHEM TeX HEIYCTE X MEOXKecTB B,
KOTOpbIe OHO COJEPIKHUT, CEMEHCTBO HENYCTHIX MHOXKecTB B
DeHcTBHTENBHO oOpa3yeT KoHeuyHoe pasGuenue L, mnopo-
xknaomee of. $SlcHo, naxoHel, 4YTO BcAKMiE aToM H3 oA
coBnajzaer ¢ HekorophM MHOXecTsoM B. Il

pennoxenune [.2.2. Hycre & — npoussosbhouli
Kaacc nodmHowecre muonecrsa Q. Obpasyem nocredosa-
TeABHO
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(1) kaacc &, cocroawui usa @, @ u us A<Q rakux,
uro aubo A, aubo A°=T;
(2) kaacc &, koHeunnix nepecewenuil nodmuoxcecte Q

(3) kaacc &3 xoHeunsix obvediHennil nonapHo Henepe-
cexaroujuxca nodmuoxcecrs @ us G,

Tax nocrpoennod kaacc &3 cosnadaer ¢ 6y.aecol
anzebpot, nopoidentoil Kaaccom G,

JokasaTteascTro. IIpexie BCero OYeBHANO, UTO

(a) €<%, =%, =%, @, QE¥;

(6) xaacc &, 3aMKHYT OTHOCHTEJIBHO OGpazoBaHus 1O-
foJiHeHn#;

(B) ka1acc &, 3aMKIYT OTHOCHTEIRNO 06pa3oBauus nepe-
CeueHH H.

[TokaxeM, uto BE ¥, = B°=%;. Jl.1a 3T0TO 3aMeTHM,
yro ecau B=C,1C;1 ... NC,, tE C), ..., C,EF,
(n=1), 10
B=XCiN ... NCr, rae Ci=C, nan C5 (I1<i<hn),
npuueM Cymma GepeTcs 0 BCEM BO3MOJKHLIM KOMOuHALHAM
3HaueHHH C:, 3a uckawuengem Cf= C; 1<ign). Tlo-
cxoasky Cre@, (1<i<n), noctonsky Cifl ... NCrEZy
H, cleaoBaTesibHo, B =¥,

Uro6hl YyCTaHOBATE 32 MKHYTOCTh &3 OTHOCIITe/1hHO ONlepa-

UWM Depeceuendsi, T. €. TOT GakrT, uto A1 ... N4, EE;
BCAKu# pas, xorna 4,, ..., 4, €%, npeicrasinM noxMio-
JkectBa A; B BHIe
{
A[= 2 Bil
i€l

rae [Bf, iEJz} IpH KawJaoM { eCTh CeMeHCT30 IONAPHO
Henepecekalomuxess noimuoxecrs & us &, Toraa

N4= 2 Bhn...nB:s%,
i

I XX,

MOCKOJIBKY KAacC &, 3aMKHYT OTHOCHTEIhHO Nepeceueniil.
UTo6K J[0Ka3aTh 3aMKHYTOCThE &5 OTHOCHTEALHO 00Gpa-
Yy 3 I

30BaHHS JIONOJHENIH, 3aMeTHM, uto ecat A= X B, &%,
/

rle B;—mnonapHo HelepeceKalUUleCs MHOMCCTBA M3 &),
10 A°= an, OpuueM B CHAY npensiyumero Bi €% (< ).
i :
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CaenoBaTedbio, A°=%; TeMm caMuM J0Ka3aHo, YTO
gaacc &, ectb Gysesa aareGpa, cogepxamas . C apy-
rofl CTOPOHHI, JIerKo BHMJETL, YTO BCfKas OyseBa aJreGpa,
coxepxamas &, cosepXHT Takke &, &, u &3 [peasto-
XKeHHe, TakuM o6pa3oM, JOKasaHo. ||

Jonoanenun u ynpasxjcHenus

Jna Bunoanenns ynpaxuenng 1.2.1 u 1.2.2 Hyxnua crepywowas
2uCTPHOYTHBHAR GopMyaa:

Ne- N U,
i/ Lel, (ij}el([el

rae K= H I; (vHoxectBO BCeX mocaefoBareasHocreft {iy, je<J}).
Il

I. 2.1. OGoanaunm uepes f 5, F g, F 4, F § COOTBETETBEHHO KJIACCH
KOHEeYHHX OOBEeAHHEHHHA, CUETHLHIX O6beAHHEHHH, KOHEYHHX NepeceueHHH
H CUCTBHX IEPECEYCHHA NMOAMHONXECTB ), NPHHAANEIKAMHAX HEKROTOPOMY
sapanHoMy kaaccy F & & (Q). Kaxauil ua 9THX KJI3CCOB NpeACTaB/ISET
co6of TaKKe KJjacc, NOPOXAECHHLIA ¢ , OTHOCHTENBHO COOTBETCTBYIOIIEH
onepanuH. I10Ka3aTh, YTO KAACCH of gq=(F g)g U F sy (F a5 ¥ &F qg)
8aMKHYTH OTHOCHTENLHO KOHEeuHHX o0henuneHudl (KOHEUHHX Nepeceue-
Hui). BupectH o7TCi0na, 9TO KAAcCH F 54 M o gg COBIAAAOT H Hpej-
CTaBJAOT COGOR HaWMeHLmHA RJacC, COAepKAmMHHA F M 3aMRHYTHI
OTHOCHTEJbHO 006pa30BaHHs KOHEYHHX OODBeAlHeHHI H nepeceyeHHH.
TTokasarsr Ha NpHMEPAX, 4TO HB OAHH M3 KJACCOB F g4, F gp (F 85 F da)
He 3aMKHYT OTHOCHTEJbHO CUeTHHX 00beANHEHHH (CUETHHX HepeceueHH#),

*1.2.2. Onepagus CycAuKa ectp onepauns, CTaBAmas B COOTBET-
cTBHE cemelcTBY {F(n ”k)} HOgMHOXecTB £, HHAERCH KOTODHIX
P

mpo6eraioT Bce KOHe4Hbie NMOCJEAOBATEJNbHOCTH (M4, ..., Mg) HATYDaNb-

BHIX uHces, NOAMHOXECTBO F“'UFv. rae HHAEKCH V= (¥, V2, ...)
v
npoGeraioT Bce Geckoneynbie NOCAEAOBATENLHOCTH HATYPAJTBHHIX YHCET

H Fv" n F("r"" Ve)

k=1
OoayyaeMHX NPHMEHeHHEM CYCJHHHCKofi onepamMM x ceMmeilcTBaM
F("x “""Ia)} NOAMHOXECTB, COAEPXKAWMXCH B 33AAHHOM RJjacce &

OGoanaunm uepes eTs RJacc Bcex MHoxecTs F,

moamuoxecTs . Ecanm knace o 3aMKHYT OTHOCHTEJBHO KOHEUHBIX
Nepecevennudl, TO KJacc F ¢ He YMEHbIWHTCS, €CAH OrPAHHUMTLCS JHIIb

TakuUMH cemeficTBamu [F AJ1 KOTODHIX
(nl, cee, nk) ’

iy oees e m) S F ),
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IToxasarh, yTO0 ONEPALHK CYETIOrO OGBEIINHEIHst il CUETHOro nepe-
ceueHHs SIBJAIOTCA UACTHRIMH CAYYasAIMH CYCJINICKOfi onepamid. [loka-
3aTh, UTO KJACC & ¢ 3AMKHYT OTHOCHTEJLHO CYCJIHHCKOIt onepanui (soc-

N0.1530BATHCS NPHBEALIIOH BRIIC JHCTPIOGY THBHON dopamy.oil). Buinectil
OTCI0Za, 4TO ECJH FEJ’:%F”EJS, B YACTHOCTH, €CJH AOno.le-

nue F¢ kaxzoro muoxectsa FeF ecth cuetnoe oSLegHHENIC Milo-
XeCTB H3 o , TO K.Jacc cTs COAEPKUT O-acreGpy, NOPOKISHUVIO oF 4

*[,2.3. Cmoynosckoe npedcmasaedue. ITvers ot — nponsson-
nas aGerpaxktuas Gyaesa aare6pa (ea. . [.1). Henycroe nogmsome-
cTBO f aare6pnl of Ha3WBAOT Gu.wrpos, ccH (a) (D& F ; (6) AsF,
AcB=>Bedd; (8) A, BEF > ABeF. Duaptp makcumaien,
T. €. He cojeprkHTCsl (CTpOro) HIl B KaKOM JAPYroM QHALTpe, TOria
i TOJBKO TOTRa, Xorpa aas kamaoro Aedt aubo A, au6o A€ npu-
nazLTeXHT o . (19 10Ka3aTesbCTBA 3TOrO YTBEPKAENHS BOCNOMLIO-
BATECH CJAEAVIOIAM (aKTOM: ecIH f — QHanTp B ot 0 A = i, 10 MiO-
wectso {C: C > AB aasa sexoTtoporo B & & } an6o apasetcs QHIsTPOA,
au6o cosnagaet ¢ of.) Beakui QHIBTP €cTh nepeceyeHie COAEpKALINX
ero MakcHMagabHuX ¢HIbTpoB. (C nomowpio neMmnl Llopsa noxasarn,
4TO €CIH of — HeKOTOpLilt Q)u.m:;p 1 A, TO CYWECTBYET MIKCil-
MaJIBHHI QHIBTP, cogepxkamufi of , 110 He coxepwauyl A.)

byaeM Ha3HBaTh MAKCHMAJLHbIE (QHIbTPBl J.1€MEHTAPHBIMU OOM-
Tusmu #u o6osHauate kX Oyksoit ¢. Ofo3nauny uepez E MIIOMKeCTBO
BCexX 3JdEMENTapHuX coObiTHH. IToxkaaaTh, uTo oTOGpaxmenne A-—> A% =
={¢: A=¥¢} ectn nsomopbuaMm Oyaesoil aare6pel oL Ha O6y.eBy
aareGpy o’ nogmuoxects E. Ias rtoro uto6nl aneMeRT A GuJ aTOMOM
B Ji, Heo6xoauMo M poctaTouna, uToGsl MHOKecCTRO A’ COCTOAIO W3
oanoro aaemeHrapioro cobmtus. Ecan 6y.esa anreGpa of naomopdua
HeXOTOpoil ByseBol agreGpe NOIMHOKECTB HEKOTOPOro MHOXKECTBa Q,
0 oToBpaxeune Q B E, crapfilllee B COOTBETCTBHE 3jeMeHTY © 3a2-
MentapHoe cobutHe @ (0)={A: o A}, obiazaer caeAyOwWHM CBOIl-
crBoM: {@: @ (0) = A’} = A aasa Jioboro A & oA; oaHako, soobulie rosops,
¢ (A) =% A’ u, B uacraocty, ¢ () %= £,

Kaxpgomy kodeunoMmy pasOHenHio [A;, iEI} MHOMecTRa E na
NOAMHOXKECTEA K3 o’ NOCTABAM B COOTBETCTBHE IIOZMHOXKECTBO

r
E: A X A} npomssesenns E X E. Takue noaMiioKecTsa MHOXCCTBA
]

E X E o6pa3yioT GYyIRaMEHTAILHYI0 CHCTEMY OKPYIKEHHil pPaBHOMEpHOIt
CTPYKTYph 1ia E, 0THOCHTEIbHO KOTOPOH £ (npocTpancTsn cToyHOBCKOCO
npedcrTasenus) KOMNAKTHO 11 BNOJHE HecesizHO. ITpn atoMm oA coctout
13 Tex nogMmuoxectB F, KOTOPHC OAIIOBPEMEHHO OTKPLITH H 3aMKIVTIL
(ITokasats, ut0 E 001110 M NPEIKOMIAKTIO.)

1.3. BeposarHocTH

Onpeneacune L3.1. Beposrnocrs P Ha 6yae-
soti aazebpe A nodmHoxcecre mmoxcecrea @ ecrs oro-
Opaxenne 6yaesori aazebps. A 6 nsnoxnecreo oelcreus
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TeabHbIX 4uces, ydoeaeTgopaiowee cAeOyOUUM TPEM
aKcuomam:
(a) 0K P(AK] npu scex A= A, P(Q)=1;
(6) (addurusnocrs) P(ZA,)=ZP(A,) das  ar0bozo
I I

xoneunozo cemeiicrea {A;, i €I} nonapHo Henepecekaro-
wuxcs coborrui;

(8) (nenpepotsrocTe 8 & OTHOCUTEABHO MOHOTOHHBLY
nocaedosaressnoctell) 048 Awboli nocredosaressHocTu
coboiruti {A,, n > 1}, monoronno crpemaweiica k @, T. e.
rakoi, urto A;DA;DA3D ... u NA,=@, npedex
rl;l;g y P(A,) pasen nyaro. :

Cienymoiite cBOHCTBA BePOSTHOCTH SBJASIIOTCS IPOCTHIMU
caencTruaMy akcuoM (a) u (6). Mmu o6nanator, pasymeercs,
Takxe Te QYHKUHH MHOXKecTB, KOTODHE He YHOBJIETBOPHIOT
akcrome (B).

(1) P(2)=0;

(2) (monorounocre) eciun A,, Ap=A u A< A, TO
P(Ax)< P(Az);

(3) (cuavran addurusHnocre) pas JOGEX A, A, E A

CIIpaBeJJIMBO PABEHCTBO

P(A)+ P(A)=P(A UA)+P(ANA);
(4) (noayaddurusnocts) P (U A;) < D) P(4;) nas mo6oro
1 !

KOHeyHOro CemeficTsa cobuituit {4;, i< /).

Bosee o6mum o6pasom, ecau {A,;, i€l} u {B;, i€} —
JBa KOHEUHBIX CeMeicTBa coOuTHH, Takux, uro A; D B;
npu mcex i1, To

P(l,J Al)—P(lIJ Bz)<21‘.[P (A) = P(B)]

P(O Ai) — P(rl] B;-)< 2:, [P (Ai)— P (B;)].

Cgoiicteo (1) caenyer u3 agnuTuBHOCTH P u paBeHCTBA
@+ @ =@. Croiicteo (2) BEITeKaeT H3 paBeHCTRA Ay=
=A, + (4, — A,), cupapessiusoro npu A, = A,. Croiictso (3)
ClexyeT H3 pasnoXenudt A,=A,A,+ A A5 Ay=A4,+
+ AfAs, A1 Aa= A Az + ATAs+ A, A;. MlonyaagutusHOCTE P
BhTekaeT M3 MOHOTOHHOCTH P u JemMmu [.1.1, Hakonen,
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ocTaBuliecs cBofictBa nyukra (4) sBASIOTCS CyeICTBHEM
DoIyagdHTHBHOCTH P 11 dopmy.a

UA;— UB;=U(4; — B)),
NA4;— NB,<U(A;— B,
cnpase/THBRIX lpH A, > B;').
Cuenyoumae TPH JeMMbl SBISIOTCS OCHOBOIOJAralo-

wuMi, Oum OpejcTaBasiorT cofofl Mo cymecTsy ChAeHCTBUS
akcHomul (B). Hanovuuwm, uto zanuch A, | A (A, 1 A) npu

ntoo osmauaer, uro A,DA., (r=1) 1 [JA,=A
'(AncA,l+l (n>1) u UAn=A)-

Jlemma [.3.]1 (HenpephIBHOCThE OTHOCHTE.T b-
HO MOHOTOHHBLIX NOCJELOBATENAbLHOCTE Ii).

Any A (nt o) 8 A= P(A,) P(A),
At A (ntoo) 8 A=SP(A)1P(A).
HokaszaTeabc TBO. YTBepXKIEHHS JICMMbI BHITEKAIOT
H3 akciioM (6) B (B) ¥ cJAEAYIOIHX COOTHOUIEHHH:
ecin A, | AB A, 10 Ap=(A4,—A)+An(4,—-A)| O B A,
ecau A, A, T0d,=(A—A)+A,n({A—A,)] @ BA.
Jlemma [.3.2 (c-annuruBHOCTD). Ja9 1020 4T06b6L
oTobpaxcerue P byaeeoii aazcbper A 8 mHomecrso Oeli-
CTBUTEALHBIX HdliCeA Obla0 8€pOATHOCTHI0, Heobxoduao u
docrarouro, urobus
(a) 0OSP(A]  Oua awbozo As A, PO)=1,
(6") P (2 A,) =P (A;) D25 BcAK020 CHeTHOEO cemelicTad
1
(koneunoeo uau GecxoHeunozo) {A;, i =1} nonapuo Hene-
pecekawuwuxcn cobulTull, TAKO0, 4TO QA s
1

JdokasareadbcTBo. [Tycth P—BepositiocTs Ha (£, A)
u {A,, n>>1}— Geckoneudoe cueTHOC CEMe{iCTRO MONApPHO

) 3T dopayau  Capase,LTBLL nPI  uponssoanublx A; u By, —
IIpum. nepes.
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" Y
yemepeceKalIHXcsH COGMTHH, Takoe, uTo N A, & oL, Tax

nz=1

n

kak 2 Ant X AnB A npunt oo, To B cuay akcuoms (6)
[ mz1

M OpelblAyluel JeMMH nMeeM

n n
P( p A,,,)= lim TP(ZA,,,)=lim 2P(A)= X P(A,).
m>| ndoo 1 . nhoo | mz=1
OGpatio, u4TOGH [OKa3aTh, 4TO 3 CHOPAaBEAJHEOCTH
akcuoMm (a) u (6”) BblTeKaeT CIpaBeLJUBOCTh aKCHOMEI (B),

paccMOTPUM IpOHM3BOJIEHYIO YOEIBAOIMYIO K ) moc/enoBa-
TenbHOCTh cobuiTull {A,, n>>1}. Hcnoan3ys paBeHcTBa

Aﬂ = Z (Am - Am+]), HMeeM

mz=n

1>P(A)= 2 P(An—Apnu) L 0 (n} o0).

mz>=n
Jlemma [,33 (c-monyapgxuTuBHOCTE). [Jas aw-
6020 cuernozo cemeiicrsa coburuil {A;, i < [}, rakozo, 4ro
U A, = A, cnpasedauso Hepasencreo

P(u Az)< 2 P(A).

Boaee obujum obpasom, ecau cuernvie cemeticrea coboirill
{A;, i} u {B, i} rakoser, yto A; DB, (i) u

UAd s, UB s, 1o
1 I
P(U Ai)— P (l,J B;)<2{:[P (A)— P (B)).

(HdoxasaTeabCTBO NpeNOCTABASETCS YHTATENIO.)

Honoanenun u ynpaxcienusn

1.3.1. Mempuneckan Oysesa aazeGpa. Ilycts of —6ynesa
axre6pa u P — onpejenennas na +f GYHKUNA MHOXKECTB, YJORAETEODAIO-
mas akcHoMam (a) u (6). Popmynad (A, A;) =P (A,AA) (A, A,=A)
onpenesseT ¢yHkuuio d, otobpaxaiomyio o Xt B [0, 1] u yrosmer-
BODAIOWYIO HEDAREHCTBY TpeyronanHHKa, C apyroft cTOPOHH, Onpeaesum
clefyouee OTHOWEHHE MeXAY cOOLITAAMA: A, %Ag. ecH P (A A Ay)=0.

3To OTHOWeHHE ARJIAETCA OTHOWEHHEM SKRHRAJESATHOCTH (A, fA, Aas
Beex Ay; Al% A, PaBHOCHJBHO OTHOLICHHIO A,fAl; ecH Al—fA, '
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A,y —F—Aa, TO A,? A3). Kpome Toro, cTpykTypa OyJenoit zarebpu ma of
HHAYUHPYET CTPYKTYpy Gy.emoil anreSpum na muoxkectBe ol/P Kaaccos
o]

A;={A'A = A} P-sxBruBajenTHHX co6biTii. (15 onepanmy gonoawe-
nus ¢, 1anpuMep, 13 COOTROIUEHHS

A5 A, & Af= 43
o{_ ¢ o o r [o]
caenyer, 4ToO Al'=[/1: A eAI}. Mostomy onpenerenne (A) = A{
[}

KOPPEKTHO; 010 HC 3ABHCHT OT BHOPaHHOrO NPRACTARHTEIN H3 K.1acca Ap.)
Tak xak P (A|)=P (4,) npu A,%Az, to na /P Mu Mmoxem onpe-

[} c © o]
JeTMTh AMIHTHBHYIO dynkumio P, nonoxns P (A) =P (A;) (A, A).
Byaesa anrebpa oA/P x.aaccos P-SKOBHBHJICHTIIHX COOBITHH € NOMOLIL!IO
(o}
dynxunn P nameaserca Metpukofi d. Byaeny aare6py JA/P ¢ merpn-
[}
KOl ¢ HaablBAIOT Merplyeckod byaegod a.12e6poil, accoliHnpoBanHolt
¢ ¢t 11 P. MHOrHe NOHATHS TEOPHH BEPOSITIIOCTE!l OTNOCATCH HE CTOJBKO
K COGBITHSIM, CKOJMbKO K XJaccaM P-skauBadenthux cofutrfl, Oduyno

o

MH He JenaeM pasiyuHa B oBoaHaveHuax Memxay of n /P, P n P.

[Toxazarts, uTo QyHKUHR MuHOXKecTE P (+) PABHOMEpHO HelpepLBHA

na ot (3ametuTs, uto | P(A)) — P(Ay) | <<P(A, A A,)). IlokazaTs Takxe,

uwro P TOrja H TOJIBKO TOIJa YAOBJETBOpSCT axchoMe (B), Korna K3

AV @D B A caeayer, uro Ap,—> ) B chMucie Mmetpuku d. Ecan

akcHoMa (B) BBINOJHACTCH, TO Kakjoe u3 ycroewii A, A n 4,0 A
B ot (n A o) Buever Ay —3> A

I.4. BepostTHOCTHBIE HMpPOCTPAHCTRA

O 113 OCHOBHHX pe3y/JbTATOB 3TOM IMTaBHL COCTOHT
B TOM, YTO BCSIKYIO BepOSITHOCTBh, ONpeJeleHHyl Ha Oynae-
Boil asare6pe of MOAMHOKECTB MHOXKECTBa £, MOXHO eHH-
CTBEHHRM 00pa3oM OPOJONKUThE A0 BePOSTHOCTH, ONpele-
JeHHoil Ha o-anrebpe, mopoxkienHodl £, B nacTosmewm
IYHKTE BBOJSATCS HEKOTOPHIE BAXKHBIE IOHSTHS, HEOGXOAHMBIE
L7151 TIOJyUeHHst 3TOrO pe3y/ahTaTa.

Onpeaegenneld.l,byresoiicaacebpoii (uiu
6operesckust noaen) nodmnorecrs muoxecrea Q
Hassigaerca kaacc A nodmHowecre muoxcecrsa 2, codep-
acawputi @, 2w 3amkHyTLUL OTHOCHTEAbHO onepayuti do-
NOAHEeHU S, CYeTHOCO 0O0BEOUHEHUA Il CLEeTHO20 NnepeceyeHus.
Hapa (2, A), cocroawan us muoxecrea L n (6yaesoi)
g-axzebpot A nodrHoxecte Q, HasvBaeTca u3Mep s M
npocTpaHCTBOM,

OTMeTiM, 4TO A5 Toro utobnl K.aacC of NOAMHOMKecTB
mioxecTsa £ Gul1 o-anreGpoii, JoCTaTouHo, YToObl OH
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cofepxan @, © m ObH 3aMKHYT OTHOCHTETbHO ONepaunit
JIOTIONHEHHA H CHETHOTO OObeXHHEeHHH.

Jlna BcAKo MOHOTOHHO Bospacrawuleil (yOuBawinei)
nocaenoBareabiocTa {A,, n = 1} nogMuoXKecTB £ NOJTOXKHM

1i“m1‘A,,=UA,,(1inm¢An=nAn).

Onpeneaenune 1.4.2. Kaacc € nodmnoxecrs mHo-
aecrea Q Hasweaerca MOHOTOHHBLLM, €CAU OH 3aMm-
KHYT oTHocuTeavHo onepayuii lim4t u lim| (umerorca
8 sudy npedeas. no nocAe00BATEAbHOCTAM).

MNpennoxenue I.4.1. [Jua r020 urobboi Gyiesa
arzebpa A Oviaa o-arzebpod, neobxodumo u JocTarouto,
uT066. OHA 6bLAGQ MOHOTOHHBIM KAGCCOM.

JdoxasarteabcTBo. Slcwo, uro Beaxkaa Oynesa
o-anrefpa ecTb MOHOTOHHHIH KJaacc. C JApyro#i CTODOHHI,
NOKaXKeM, YTO 3AMKHYThbii OTHOCHTEJNbHO KOHEUHHX ofbe-
[uHeHu#t kaace ¥ NoaMHOXKecTB 2 3aMKHYT OTHOCHTENBHO
cyeTHbIX OOBenHHEHMHA TOTAA M TOJBKO TOrAa, KOTHEA OH
3aMKHyT OTHOCHTesJbHO onepauuwu lim#%. J1a storo no-
CTATOYHO JHIUIb 3aMETHTb, 4TO ecau {A,, n>1}— npous-
BOJIbHASA NOCJAENOBATENBHOCTh NMOAMHOXKecTB O, TO

UA4. =lim ¢ (U A,,). |
[ m B<m

IycTs &€ — npoussoabubil Ki1ace noxMuoxects Q. Hau-
Menbluas cojepxamiad 3TOT Kiaacc o-aareGpa (paBHas
NepeceyeHHIo BCEX 0-aireGp, COAEpXAMUX &), HA3LBAETCH
o-aazebpoii, nopoxwdennod €. AHAaNOTHYHO, -HAMMEHbIUHH
coxepxamuh MOHOTOHHBIH KJIacC Ha3bIBAeTCA MOHOTOH-
HoLM KAQCCOM, NOPOMOEHHbLIM E .

Tipennoxenunel. 4.2. byasesa o-arzebpa, nopoxcden-
Han 6ysesoll asncebpoii A, cosnadaer ¢ MOHOTOHHGLM
Kaaccom, nopoxdennsin JA.

JdoxasarteabcTso. [lycth # —Oysnesa o-aarebpa,
nopoxnennan anare6poit «£, MOHOTOHHBI Kacc, MTOPOXKAEH-
HH# £, obosnauum uepes of. CorsacHO NpeTOXKEHHIO
I.4.1, # asasercad MOHOTOHHHMIM KiaaccoM. C/lef0BaTeNbHO,

<4%. JlocTaTtouHo, cTan0 OHTb, J0Ka3aTh, uUTO o/ €CTh
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Gynesa aareGpa: H3 npeinoxxedus 1.4.1 Torna Gyaet cre-
LOBaTh, 4TO off ecTsb Gynesa G-aare6pa u mostoMy & e/,

Yto6ni yCTAHOBHTb 3aMKHYTOCTh o OTHOCHTEJNBHO 06-
pA30BaHHs [OMNOJHeHHIl, Hy:XHO MOKAa3aTh, 4YTO KJacc
ol ={B: B u B’ =o#f} cornanaer c off. Cosnajenne xe
o# u o’ HemoCPeNCTBEHHO BBITEKAeT H3 OYeBHIHLIX BKJIO-
yenHil A Cofl’ o ¥ MOHOTOHHOCTH KJacca o/, sBJASIO-
mefics chaefncTBHeM (Qopiya

(im4 B,) =lim | Ba, (lim y Bn)f =lim % By
BeeaeM Tehepb AIA Kaxnaoro A €off noaxsace

MHMy={B: BE M, AB = H}

knacca o#. W3 pasescrsa lim AB,= AlimB,, cnpasen-
JHBOTO [IJd BCAKOH MOHOTOHHOH HOC/MEeL0BAaTEeIbHOCTH
{B,, n>=1}, chenyer, uto o#, ecTb MOHOTOHHHIH K.Jacc.
Ho npn A= A uneeM, oueBnano, A Co# , <o, Tak 4TO
oM =c#, OTCIOR2 B CHIY 3KBHBAJEHTHOCTH

Asdly S Beok,

suTexkaeT, yto A oz npn Becex A=A u B =o#. Cre-
gosatensno, A oy o npu Bcex B Eof, u H0ITOMY
o y=of npn Bcex Be=off. Takum obpasoM, xiaacc o
3aMKHYT OTHOCHTEIBHO [epecedeHuii H, CJeJ0BaTeabHO,
ap.asiercs Gysieroil aare6pofl. B

Onpeneneunne 1.4.3. Byaesy oc-aszebpy A nod-
muomects muosxcecrea Q waszwsaror Gyacsol c-aanec-
6poii cuernHoeo tuna (uau cenapabenonoti),
ecAl  CYWPCTGYET CcueTHoe ceselicTeo nodsHowecrs Q,
nopoxcoaroujee A

Bo/IbILHHCTRBO BCTPEuaoWMXes B IPHAOKEHHSX g-a.1rehp
ARJISIOTCH G-ajreGpaMu cyerHoro Tina. TakoBoll apasercs,
HanpuMep, o-aarebpa, NOPOKAeHHAS CUeTHBIM pazbuennem
{4,, i I} 1 cocrosmas n3 oObenunennfl BCEBO3MOKHBIX
[10,IK71aCCOB 3TOro paabuexns. Ilpenocrteperem wnTaTe’Is
OT NpeANO.TOXEeHs, YTo BesKas o-aarebpa cueTHoro tima
MOKeT OBITh MOPOXK/eHa HEKOTODHIM CUeTHbM pasdlendeM
NpoCTPAHCTRA.
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s BCKo# nocneuoaarenbﬂocm {A,, n>=1} nogmuo-
xecTB @ onpegenuM MHoXecTBa limsup An H liminf A4,

n ~» co 7> oo
dhopmynaMHu
11m supA —llm J,(sup A,,,) U An
nm>=2n
liminf A, —11mT( inf A )=U N A
n->co mz=n nm>a

Hodmuomecrso limsup A, (liminf A,,) MHowecTsa Q
n X n

coctour u3 rex @ < R, koropsie codepacarca 8 beckoHeuHo

MHoeux (80 8cex 3a ucxkArOHeHueMm KOHe4HOZo HucAa) nod-

mHuoxmecrsax A, (n>=1). Scuo, uro Bcerpa liminfA, <

c limsup 4,. Korna 3td4 MHOXecTBa connanaxo‘r? ux o6o-
3Haqa;)r lim A,. B uacTtHOCTH, eciH TOCJefOBATENbHOCTh
{A,) .MOHOTr:)HHO Bo3pacTaeT (y6uBaer), To lim $ A, =lim A,
(tim | A= lim 4,). ! "

Beakasn 6y.ne13a o-ajarebpa, oueBHXHO, 3aMKHyTa OTHO-
cuteabio onepauuit limsup u liminf. OrmernMm Taxxe,
uto cobaitue limsup A, (llmmfA ) npoucxodur ro20a u

n n

TOAbKO T020a, xozda npoucxodur GecKoHedHOe uuCAO CO-
6oituii A, {(npoucxodar sce cobuirun An, 3@ uckao4eHuem
camoe Ooasbluee KOHe4HO20 UX 4UCAQ).

Onpenenenne [.4.4. BeposarnHocrtHoe npo-
crpancteo (R, A, P) ecTo cOBOKYNHOCTL HenycTozo
MHomecrea Q (npocTpaHcrea 3semeHTAPHbLLX
coboiTuil), Oysesoii o-aszebpor NOOMHONCECTS (co-
6oiTuti) u seposrdocru P, onpedesennoli Ha A.

Mpennoxenune 143 (senmpepuHBHOCTL Be-
POATHOCTH OTHOCHTEJbHO CXOJXHUMOCTH [oO-
crenoBaTteabHocTeR). Jan scaxol nocaebosareis-
nocru cobuirull {A,, n == 1} us sepoarnocriozo npocrpancrsa
Q, A, P) cnpasedﬂusbt HepagencTsa

p (hm inf A,,)< liminf P (A,) < limsup P(A,) <<
n )
" <P(limsup Ay ).
n .

3 3ax. 1368
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B uacrnoctu, ecau cywjecrsyer lim A,y 70 lim P (A,) cy-
: n

uecTeyer U paset P(lim A,,).
n

IHokasareabcTBo. IJro mnpeanoxenne obobuwaer
aemMMy 1.3.1 u sasnserca ee caexctsieM. B cadod jeie,
coryaclio 5TOH JeMMe HMeeM

P (liminf A,,)= lim P( inf An)< liminf P(4,,),

n m nz=m m
P (Iim stp An)= lim P ( sup A,,‘)> limsup P({4,,). §
n m \n=m m

Caenyonuiit pesynbTaT BecbMa uwacTo HCHOJb3yeTcsd

B TEOPHH BEPORTHOCTEH.

Mpenaoxenue 1.4.4. Ecau {A,, n=> 1) —nocaedo-
garesoHocTs cobuituil 8 (R, 4, P), raxas, 410 xp (A,) < o0,
n

o P (limnsup A,,) =0,

JoxaszaTeabcTBo. JJas JoKazaTeabcTBa AocTa-
TOUHO YCTPeMHTb n K GECKOHEUHOCTH B HEpaBeHCTRE
; Q
P ( sup Am)< D P(A,), ssnsomeMcs CAefCTBHEM JeM-
\m=n mz=n

uu [.3.3. B

Onpenenenne 1.4.5. Muowxecrso N 8 sepoartocr-
Hos npocrpancree (R, J, P) Haseisaercs HYysesoi m
(oTHoCuTEABHO BeposaTHoCTU P), ecau cyujecrsyer mHoxce-
creo Ae A, raxoe, uto N <= A, P(A)=0. BeposrHocrHoe
npecrpancrso (2, o2, P) Hassieaerca noats i, ecau A
codepxucur sce P-tyaegvie nodxnozcecrsa €.

$lcin, 4TO DesiKoe TMOAMHOYKECTBO HYJ1EEOro MIIOIKecTBA
ccTh HyJcroe MHoxecTro. M3 qemant 1.3.3 cienyer rakike,
yro ofnemmicine Ji060ro cyeTHoro ceMeiicTsa HYyJEBHX
M{HOM€CTB €CTh HyJeBoe MHOXKECTEOC.

Mpenaoxenue 1.4.5. [Tycre of” ~kiacc scex Hyses
GblX MHOWECT8 6epoATHOCTHO20 npocrpaHcrsa (2, A, P).
Tozda xaacc A sunomecrs suda AUN, 20e A=A u
N o, cosnadaer ¢ o-aseebpoit, nopoidexnol Kaac-
casu A u A, u gopmysa P(AUN)=P(A) Koppexrno
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onpedeaser eduncreentyo sepoartocrs P na A, npodoa-

scarowyro P. Beposrnoctroe npocrpancreéo (2, A, P)
REAAETCR NOAHbLM.

IIpoctpanctso (R, £, P) Ha3uBaeTCH 710M0AKeHUEM IPO-
crpadctea (2, A, P). (Paccmarpmaaemaﬂ 3jech onepanus
NONOJ/JHEHHA HHyero oblnero He HMEET C onepalMeid nonoJ-
HEHHH B TEODHH METPHYECKHX H DABHOMEDHHIX IPOCTPAHCTS.)

HokaszateabcTso. Krnace A (Kak # xaaccel of
¥ of°) 3aMKHYT OTHOCHTEJLHO OnepaliH CueTHOro oGbemu-
Heudsi. OH 3aMKHYT Taxk»Xe OTHOCHTEJBHO 06pa3oBaHus
JononHeHH#, mockoabKy ecan N < B, rpe P(B)=0, To

(AUNY =(AUBY +BN(AUNY.
Cneposatenbio, £ cosmagaer ¢ o-aiare6poil, nOpoXKLeH-
Hoit £ u A,

IMockoabky U3z A, U Ny=A4,U N, BrTreraet, uto A; A A, <
< N;UN; u, CJIE}IOBaTEJII:HO, uto P(4; A Az) =0, orkyna

P(A,)= P (A,), To dopMya P(AUN)=P(A) onpeneasier P
na J xoppekTHo. HenocpencTseHHo nposepseTcd TakXe,
uT0 P €CTb BEPOATHOCTL M UTO BEDPOHATHOCTHOE NPOCTpaH-
ctso (R, A, P) noano. i

Vintepecio csf3aTh NoMyueHHHf npocToft pesyirbraT

co CBOHCTBAMIl BHEMHEH H BHYTPeHHeHl BepoATHOCTEH,
Onpene/eHHEX Ha BEPOATHOCTHOM MPOCTpAHCTBE (Q, A, P).

Onpenenenne 1.4.6. Brewnsas sepoartocres
P* u shnyrpennan gepoarnocTts P, Ha seposar-
HocrHoM npocrpatcree (2, A, P) cyte dynkyuu muoxmecrs
Ha & (Q), 3adasaembie popmyramnu

P (@)= inf {P(A), @ < A oA},
P,(Q)=sup{P(4), Q> A= A}.

Gyuxknuu P* u P, 06/1a7ai0T CIeAYIOIIHMA OYeBHHHMHA
CBOHCTBAMH:

P*(go)< P*(Qo) aJad .711050[‘0 Qo,
P,(A)=P(A)=P*'(A) npu A= A,
P,(Q) =1~ P*(Q§) gna moGoro Q.

3#
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[lpeagnoxenune 1.4.6. Jaa 1106020 8epoaTHOCTHOZO
npocTparcTsa (Q, A, P) ssedennan 8 npedaoxenuu 1.4.5

o-aazebpa A (nonoanenue A ornocureasto gepoarrocr P)
cosnadaer c¢ KAQccom Tex nodmHoxcecrs Q, na Koropbix
pyukyun P, u P* npusnumaror oduHaxosele 3HAYeHUR U,
caedosareabuo, ¢ KAaccom nodmroxecrs £ suda

{Qo: P*(Q0) + P (95) = 1].
boaee rozo, 1_5=P"=P* na A.

HokasaTenwvcTBo. [lokarkeM CHAuala CAEAYIOWYIO
JeMMy, CYUIECTBEHHO HCIOJB3YIOMIYIO 3aMKHYTOCTh J& O7-
HOCHTEJNBLHO onepauuil CyeTHOr0 OOGBLEANHEHHA H CYETHOTO
nepeceyeHus,

JlemMma., Cywecrsytor uasmepumsie MHONECTBA, HA KO-
TOpbiX QOCTU2QIOTCA BEPXHAR U HUNHAR 2paHb 8 (hopmy-
aax, onpedeanroyux P, u P*.

Urto6H 10Ka3aTh JEeMMy B cJayuae, cKaxeM, BHeliHelf
BeposiTHOCTH P*, NOCTATOYHO 3aMETHTh, yTO ecau $y—npo-
H3BoJbHOE NogMHOXKECTBO Q u {A,} — nocaenoBaTesbHOCTD
MHOXKecTB H3 J£, mia kortopoit @y A, u P(4,)— P*(Q,),
To MHOXecTBo A== (]A, nppmaﬂ,nemrr A, COnEPIKHT Q,
YIORJIETBOPHALT yc.nosmo P(A) = P*(Q).

B cuny sToii JieMMH Aad. KaXA0TO NOAMHOXKecTBa &,
MHOXKecTBa {2 cymiecTBywT nBa MHOXecTBAa A n A’ = A,
Takue, uto A < Q< A’ u

P(A)=P.(Q), P(A)=P* (%)

CrenoBareasho, ecan P,(Q) = P* (), o A’—A ecTb ny-
neBoe MHOA(eCTBO u Q< A. ScHo, uTo npn sTOM P*(Q)=
= P, (Q) = P*(RQ). _ _

O6pamo, X9 Beskoro MHowecTBa A=AUN usz A u
amioecTsa B € o, pas xotoporo N < B, P(B)=0, ameem
P(A)K P, (A) K P (A P(AU B). Caenosateasio, P, (A)=
= P*(A) n npepsoxenue noxasano. B

[Tpeasiaymue paccyXaeHus NOKA3BBAIOT TaKXe, YTO
BHelH’A (BHYTPEHH#A) BePOSATHOCTb, ONpefe/]eHHas B
Q, A, P), coBnagaer ¢ BHewHcil (pHyTpeHHel) BepositT-
HOCTBIO, onpenenexHoR B (Q, A, P).
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p——

[yctb (2, A)—n3amepuMoe npocrpasctso. Te NogMHO-
ecTsa MHoxecTsa £, KOTopbie NpHHAMJIEXKAT NONOJHe-
uuio o, xaxosa Obl Hu OhuJia BepoATHOCTL Ha (R, J),
Ha3bIBAIOTCH abCoAOTHO usmepumsimi. SlcHo, uro abco-
JIOTHO H3MepuMble MHOXecTBa o6pasyloT o-aareGpy, Ha
Kor(sgyxo MoXeTr GblTb NpojoJsiKeHa /00as BEPOATHOCTH
Ha

Honosnenusn u ynpascnenus

1.4.1. Yemy pasum limsup A, » lim inf A, B cryuae, xorna Q ectp
JeACTBHTENbHAA npsmas B A, cyTh maTepBasn (— oo, a,) (n>=1)?

1.4.2. loxazath ¥ npOMHTEPNPETHPOBATH B TCPMHAAX COGHTRIA Cne-
Rylomue paBeHcTsa:

(tim inf An)e = limsup (45),
n n
lim sup (A, U By) = lim sup A, lim sup By,
n n n
Yiminf A, (1 lim sup B, < lim sup (A, N B,) < lim sup A, N lim sup B,
n n n n- n

1.43. Muoxectso (kaace P-3ksuBaneHTHHX MHoxecTB) A= A 8
BEPOATHOCTHOM npocTpancTre (L, i, P) HA3HBAETCH QroMOM, €CHH
P(A>0necmn ADBeA=P(B)=0 gan P(A—-B)=0 [cpas-
HATH C NOHATHeM aroma B Oysemofi aJareGpe (npemaoxenne [.2.1);
y6enuThCss B TOM, YTO NOHfITHE ATOMA €CTh NOHSITHE, OTHOCSIEECH
K MeTpHueckoi Gyseso#t anreGpe A/P (ynpaxuenue 13.2)]. Tak xax
JBa pasnHuHbIX (T. e. He P-5KBHBAJEHTHHX) ATOM3 HMeIOT B Nepeceue-
HHH NycToe MHOXeCTBO (kJacc P-aKBHBAJEHTHOCTH, CoJepXamuf
NyCTOE MHOJXECTBO), TO BEPOSITHOCTHOE NMPOCTpAHCTBO COAEPKHT CaMOe
Gonbuiee n ATOMOB, BEPOSITHOCTh KOTOPHIX > n~l, H, CAEQOBATENBHO,
‘camoe Goabliee cyeTHOE YHCJO aTomMoB. BCakoe BeposTHOCTHOE NPO;
CTPAHCTBO MOXHO Pa3JOXHTbL HA CYeTHOE OOBEAHHEHHE ATOMOB M HA
»HEATOMHUECKYIO“ yacTh., ECHH HeaTOMHYecKas yacTh HMEET BeposiT-
HOCTh HYJb, TO NMPOCTPAHCTBO HA3WBAWT ATOMUYECKUM,

Ecnr (Q, of, P)— eposTHOCTHOE NPOCTPAHCTRO Oe3 ATOMOB, TO
RSt KaX20r0 e e [0, 1] cymecTayer mo Mennurelf Mepe OfHO MHOXe-
ctB0 A & ot ¢ mepositaocTsio P (A) =a. [HoamuoxecTBO _ﬂ? MHOXe-

crea /P, cocTosmee 13 Tex KaaCcos B AN KOTOPHIX P (B) < a, un-
AYKTHBHO OTHOCHTEJLHO BKJIOYEHHS l) ITycTs B,,— MAKCHMaJbHbIi
saemeHT B 7. [TokasaTe, uTo ecau P (Ba) <a, TO NOAMHOXKECTBO ¥
Muoxectra AP, cocTosiuiee M3 Tex KxaccoB C AN KOTOpHIX P (6) >0

') To ecTs Kaxnoe JHHEAHO ynoOpspOueHHOE NOAMHOXKECTBO ya-
CTHYII0 YNOPAAOYERHOrO MHOXeCTBa (4P, <) aMeeT Maxopanty. — ITpum,
nepes.
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w € n l?=@, HORYRTHENO OoTnocHreasno D. Ho sesknit saxcnpmans-
HHl 3JeMeiT B ¥ Heo$X01iMO ecTh 2TOM.]

IToxa3aTh, yTO, KAKOBK Obl Iif ORLIE EEPOATHOCTIIOE NPOCTPAHCTBO
(Q, 4, P) v e>0, cymecTsyeT Komeuroe pasbreine muoxectsa £ na
MuoxtecTsd B3 of, TAKOE, YTO KAMJO0E MHOXKCCTBO, JABJAIOIEECS 3Je-
MenToM pasGueHds, JuG0 HMCCT BEpPCATIOCTL &S €, Jilbo fAinasercs ato-
MOM C BepOATHOCTBIO > E.

1.44. Caedocast U YCACBHAN BEPOLMNHOCHIN OMHOCUIMEABHO
mrozmcecmea, Ilycts (9, of) — masepudos npocTpanctso u Qp — ne-
nycroe nogamiomectso K. IToxasais, uTo raace QN ={Q 4, A=}
eCTh O-ajre6pa noamuoxecTs Q) (ce Haawmpawor caedos A na Q).
IToka3ars, 4TO ceay F — Kadce IOIMHOXKECTS MuoxkecTsa L2, nopoxaaio-
wui o-aarebpy o, To xnace ¥, F nopomsaer o-aareSpy RN,

TlokasaTts pasee, uro ecan P*(Q;)=1, To dopmyaa P;(QA) =
= P*(Q,A) onnoanauno onpeneasieT BeposTHOCTh Py na (Q, Q,NA)
(nasuizaemyio caedos P ua Q). YGenutnes, uto MeTpuuyeckine GyJenn
aareSpul AP 1 QN AP nzoyopdunl (11cnob30BATE JEMMY NpeamIo-
ke 1.4.6).

Ias mo6oro mnoxectsa B = ot nogoxnrensroft P-seposTuocTi
Qopuysaa Py (A) =P (AB)/P (B) onpepeasneT BepoaTHOCTH Kax Ha (£, o),
Tak u Ha (B, B}A), Tlokasats, uro 3TOT pe3VALTAT Bepem 1 AJs
MuoxecTsa B, ne npunazisexamero of, ecim L0J0XKHTB Pp(d)=
= P*(AB)/P* (B). -

1.45. 0-adBumusnnie giaccot mHoxcecma, IKnace F nogvuo-
eeTs Q HasoneM 0-gdduruensis, ecau (a) Q =F ; (6) Fy, Fos=F , F Fy=
=)=>F+FefF; F, bed, FIDF,=F~-F,ed; (8) F =
SiHhtsSlimFf,ed.

n

Jl1s BesiKOro Kaaccd % nogMHOXKeCTB £ CyWecTBYOT NAuMelhWHi
copepxamuit ero C-agAnTHBNBI kJgace (o-aganTHBHRE Kaace, ,I0-
poxjiensnil €*), [TokasaTs, yTo €cJy KaAACC ¥ nMOAMIOXKECTD & 3aMKHYT
OTHOCHTe.TbiI0 00PA30BAHHA nepeCeleHH ], TO NMOPOXKACHHLII HM C-annu-
THBHBIA KJACC coBnagaer ¢ nopoxjaeHHoit uM OyJcesoil o-anreGpofi.
[Vcraunoguts, uTo xaace & 3aMKUYT OTHOCHTEN5HO 0GDA30zAlHA mepe-
ceucHHi, yOeausiuncs cHasana, uto mnoxeerso {A: A= &, AB=F
Aaa scex B & ¥} ecTh G-2ARMTHBHBIRL KJdce, copepxamui ¥, u, cie-
JIOBATEILIO, COBNARAIHA C ¢ , 1 3aTeM BbiLeas OTCIONA C MOMOLILIO
auanorigEX paccyxAacuini, yTo kiace {A: AB & F npu ncex B}
copuaziaer c¢ & .]

ITyets P, u Py— nBe BPOSTHOCTH HA i13\epPHMOM IIDOCTPANCTRE
(R, ). Kaace {F: P (F)=Py(F)} ecTs 0-2IANTHCUBIT KA2CC 113MeEpU-
MHX nozunozkecrs Q. BHpecTu 0TCIORA, yTO eC/ii BesoSTuocTH P11l
COBNAJAOT A 33\ KHYTOM OTHOCHTEASUO NepeceuHni wiacce € uavepu-
MLIX MHOXKCCTB, TO OUIl COBUATAIOT ld o-2aredpe, NOPOKACHLON .

1.5, Mpeaosenne BepGATHCCTH

llesapio Hacroswero maparpada sIBJASCTCT JOKa3aTeThbe
CTBO {PYHIaMeHTAJBbHO{l TeopeMbl O NPOAO/KCHIH Beposr-
focTi ¢ OyJsesoft aareGpe Ha NOPOMKAEHHYIO €I0 O-aarchpy,
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Tlpu 5TOM MBI moctapaeMCs BBIAEIMTE Il MaKCHMaJbHO
NPOSICHHTE OT/JEHbIE STallbl 3TOTO JOKa3aTeNbCTBA.
IMyctb € — Gynesa anre6pa moaMHoxecTs Q. O6osua-
uuM uyepe3 & Kaace, 06pa30BaHHBIH BCEBO3MOXKHB MH CYET-
HbIMH OGbeAHHeHHsIMH ToaMHoxkectB @ u3 A, nau, 410
SKBHBAJIEHTHO, Kaacc o6befMHEeHHH BO3pacTaloWuX MocJe-
noBaTesJbHOCTEH MHoXecTB i3 . B cuay nokasbiBaeMoil
HuXe JeMMBl AAf KaxA0if BepositHocTh P Ha (2, A) MoxHO
onpeaeaith ¢yskunio MHoxectB Il Ha &, nonoxus

II(G)=1im % P(A,), ecan A, 1 G (n— ), A, = A.

(JleMMa 3Ta nokaawBaeT, UTo 3HaueHHe npefenalim 4 P(A4,)

n
He 3aBuCHT OT Buifopa mociaenosartenbHocTH {A4,}, a ueau-
KOM ompeaeasiercs MHOXecTBoM G.)

- Jlemma LB.1. Jasa scakux 0syx sospacrarouux no-
caedogareabHocrell {Am, m=1} u {An, n= 1} MHOICECTB

. 7
uz A, rakux, uro UAmCU A,, umeer MeCcTo HepaseHCcTso

m n
lim4 P(An)<lim4 P(A,). Ecau npu arom U An= U Ar,
m a m n
70

lim4 P(A,)=1lim4 P (4,)-

Hokasarteascrso. Ilockonsky pas aoGoro m Io-

CIe0BATENBHOCT {AmAn, 1> 1} Bospacraer u UAmAn=
n

= A,, TO B CHJY HelPepPBIBHOCTH P OTHOCHTE.JIbHO CXOAH-

MOCTH mocJaejpoBatenbHocTel

lim4 P (A7) = lim4 P(A4A7) = P (Ay).
n n

YTBepxKAeHne JeMMbl NOJydYaeTcd H3 3TOTO COOTHOUIEHHS
Tipy m—>co. @

B caeayoweM mpennoXeHHH YCTAaHABAWBAIOTCS pPa3-
JIMYHbie CBOMCTBA OMpejieNeHHLIX Bbie Kaacca & H ¢yHK-
uun II. B HeM yTBepxjaercs, B 4acTHOCTH, YTO & eCThb
HauMeHbIIMA KJIacC CpeAH KJ4cCOB MOAMHOXeCTB £,
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colepXawHx o N 3aMKHYThIX OTHOCHTE/NBHO Omepauiii xo-
HCUHOTO Mepeceyequsl M CYETHOTO COLCAHEEHHS.

Mpeanoxenne I.5.1. Onpede.aennvie goiue krace &
u ynukyun I obaadaror caedymujuni csoticrsasu:

(a) pedull(g)=0,=sF u 1(Q) =1; 0KII(G)L
(G e d)

6) G, GyeF=>

[C:UGs 6N,
L I(G, + Gy) +11(G; N G,) =TI(G)) + 1T (G,);

(8) Gy = Gy, Gy, G FST(G)SH(Gy);
(r) ?,,1‘0(n—> o), G, e& =0 = &, [1(G) =limII(G,).

Boaee 1020, & ecrs Haumenowuli cpedu Kaacco8 nod-
muoxcecrs Q, colepicauux A u obradarowux nepeyucien-
Homu Bbiule caoiicreamu (kacarouwusica &) Haxoney,
II(A)=P(A) npu A=A

HdoxasaTteasctro., Haanuue y & u Il csoitcrs,
yKkasaHHbIX B nynxTe (a), ouesirqHo. PaccMoTpHM galee
ABe Bo3pacramooliHe nociaenosatedbHocTH {A, n> 1}
i {A o n=>=1} mpoxects us A ¢ npegenaMs G, u G,
cootBeTcTBeHHO. UToGH yOeaurbes B cBolicrsax (6), mocra-
TOYHO 3aMeTHTb, 4T An ] An 11 Gl G, (n— o) 1 Tepeiitn
K mpejely NPH A ~—>00 B DAaBEHCTBE

P (An. 1) + P (An. 2) =P (An.l U An, 2) + P (An.l N Ap, 2)-
CsofictBo (B) BHITeKaeT M3 JOKAIANHOH BHIUIE JeEMMBI.
Jas mokasatenabCTBA (r) [1peloqOXKHM, YTO

Amnt G, (mteo, n2l), Ap,=4 (m,n=1)

H uto G,4G (n% o). Ioxowiuy D, =sup Ay, , =4, o=
n<m
ciegoBarteasiocts {D,,, m 2= 1} BospacTaer, NOCKOMBKY

Dp = sup Amon < Sup Am+l.n < Dayy-

nsm <

Hseem A, ,<=D,<G, H, crejoBareasio, P(Ap, ,)<<
< P(D,)<I(G,) npu Bcex n<Cm. YcTpeMmasasa m u n



1.5. Tlpononkenue BepOATHOCTH 41

B 3THX COOTHOIUIEHHAX K +°°, nojaydaeMm
GutGed, I(G)=ImtI(D,)=lmtI(G,,).
m m

OcTanbHble yTBEDXKJAEHHA OpPENN0XKeHUst oueBHAHLI W

[Mpennoxenne 1.5.2. Mycre & —«karacc nodmuo-
scecrs muomecrsa @ u Il —onpedenennan na & pynkyua
mHoocects, yoosaersoparouan ycaosuan (a)—(r) npedao-
amenun 1.5.1. Dyunkyus muomecre 11, onpederennasn
na & (Q) ¢opmyroii

II*(Q,)) =inf (I1(G); Q, = G = &}
obaadaer caedyrowumu ceoldcrsamu:

(a) I*(G)=11(G) npu G &; OLII*Q)<L;

(6) I (©, U Q) + U‘(Qn NQ) < (Q)) + 1% (Q,), & «acr-
nocru, I (Q)+ I (Q5) > 1;

(s) £ < Q=5 I1°(Q) S II*(Qy);

(1) 0,10, (n} 00) =5 I (@,) +11* @,).

Hoxkasareancrso. Haanune y II* cpoidicts (a)
ouesuaHo. Yrobnl Jjoxkasars (6), BO3sMeM NPOH3BOJBHOE
e >0 u BHiGepeM G, Gzea‘} TaxK, 4TobH Q; < Gi ull*(Q) +
+e2>=11(G), i=1, 2. Torna

I (@) + 11 (Q,) +3>H(G|)+H(Gz)=‘
=II(G,UGy) +1I(G, N Gy) >
=1 (Q, U Q)+ 11 (Q, N Qy),
A ocTaercsl JHIIb MOJOXKHTb B 3TOM COOTHOLIEHHH &—>0.
CsoiicTeo (B) BHITeKaeT u3 Mouorounoctd II. Ins mokasa-

renscTBa (r) BosbMeM npousBonbhoe 8>0 u BHOGepeM
nocjefoBaTeAbHOCTs uHcea €,>0 (n>1) W mocienosa-

]
TEABHOCTb MHOKECTB G, €& & Tak, 4To6H e, =&, , < G,
n

n IT*(Q,)) + &, = [1(G,). [onoxam Gn = (J G,. [ocnenosa-
, m<n

TensaocTs |Gy n>1} ecrs BO3pACTAIOMAs TOCTEAOBA-

TeJBHOCTh MHOXeCTB 3 & n Q, = G npu Bcex n>= 1,

IMokaxeM, NONb3ysCh HHAYKOUEH 1O n, 4TO

o (Q,)+ § emn =11(Gs) (n>1).
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Tlpn n=1 3T0 coOTHOLIENHE BHINO.IHAETCH B CIL1Y Bhibopa

nmpoAectea (. IlpeamoioXuyM, uTo OHO BepHO A% lc-
s

kotoporo 1. Toraa, nockoabky 2, < G, 1 Gue1 E &, nMeen

N(Gh) =1{Gn U Guit) =G + TG ) = TG N G i) <<
\(: [”* (Qn) + E 8:111 + [n$ (QIIH) + E"/1+1] - H:F (Qll) =

misn

* ' Y
=l (Qn+!) T :;..I €n.
reran 1
TeM caxblM Halite COOTHONIEHHE JOKa3ado. YCTpeMJsst
B lleM n K ©0 11 NpuHIMas BO BHHMaHue, uro 2

c lim* G, & &, noayuaeym
I
Hm AT (Q,) +e>T (lim’;‘G,'z) >1°Q,).
n n

Tak xaxk & ObLT0 NPOM3BOJIBHLIM i TaK KaK B CHJIY CBOfi-
cra (B) H"(Q) <IN (Q ) (n > 1), croiictro (r) nokasano. i

Caencrsue. [lpu sunoamenun ycaosuli npedaoxce-
wus 1.5.2 kaace & noduuoxecrs D wmuoxmecrsa Q, dan
koropurx IU(DY+II" (D)= 1, ecro Oyaesa o-ascebpa u
ocparuyenne I na D npederasager codoli noanyo eepoir-
Hocre Ha (2, D).

NorkzsarteasceTrso. s onpexetenns £ caeayer, 4710
Der=SDe .
Jdatce, #0ckoabpky cordacHo (a) MY(E@)+TH(Q)y=1, To

¢, Qe 7,
JLisi awdéox Dy, D, 7 cymua npasbhiXx uacted He-
paicHeTn :
(D, U D)+ 1U(D, N D)D) + TT°(Dy),
WD U D)) + T [(Dy 0y Do) < 1T (D) + 1T (D)

pasua 2, C apyroit cToponbl, corgacto csoicTBy (6) dynk-
nun I

1D, U Dy) + I [(D,U DY > 1,
I (D, 0 Dy) + TV (D, N DY) > 1.
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R

YeToipe BBIMHCAHHBIX HEPABEHCTBA MOTYT HMETh MECTO
OMIHOBDEMEHHO JHIIb B TOM cJyuyae, KOTAa BCe OHH CYTh
pasencrea. Crenosatensso, DD, & P, rak uto knacc
3aMKHYT OTHOCHTeJBHO 06pa30oBaHUsl KOHEUHBIX o6GbepHHe-
uuft U nepecevenuit H dynxuusa II' agautusua (B cHiIbHOM
cMbicae) Ha .

Ecau {D,, n >> 1} — Bo3pacTalomas nocjeN0oBaTeAbHOCTh
MHOXecTB H3 &, To M3 cBolicte (B) ¥ (r) dysxkuuu II*
BHITEKAET, 4TO

H*[U Dn] =Hm41*(Dy),
I [(U D,,)”] <IT(D%) mpr m>1.

Orciona I [(U Dn)] + IT* [(U D,,)c] <1 u, caeoBaTeaBHO,
n "

(cornacuo ceofictry (6)) |J Dn & P, TeM caMbim mokasao,

n
yro Z ectb g-anareGpa moxamuoXkecTs £ 4. yTO orpanuue-
Hie II' ma P npepcrasiser coGolt BeposTtHOCTb. s
3aBepLIEHHS] JOKAa3arTesabCcTBA CJEACTBHS oOcTaeTcsl JHIIb
3aMeTHTb, YTO €CJH

Qcbhbew, II'D)=0,
TO
Q)+ (Q)<0+1=1

H, caefosatessio, Q, = 7. 1

TeopeMa o mnpofo/XeHHH BepOATHOCTH, 3ajaHHOR Ha
6ynesoRl asrebpe, JieTKO BbiTeKaeT M3 JABYX NpenbIYIIHX
NpelOXKeHHH H TOJNBKO YTO JOKa3aHHOTO CJENCTBHS.

TeopeMa (0o mpomoNXXKeHHH BepOSATHOCTH).
Beakaa sepoarnocre P, onpedesennas Ha 6yaesoii as-
2ebpe S nodmromcecre Q, uneer eduncreennoe npodoamce-
Hue dazo sepoarrocru Ha G6yasegol a-aazebpe, nopoxdeH-
Holi JE.

HokasareabcrTo. ITycTs P —BeposTHOCTD HA (Q, A).
TTpuMennM pesynbTaTHl cJencTsuss npemioxenns [.5.2
K Knaccy & u ¢yskumu wMuoxectB I, ompeneneHHBHIM
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B HauasJe nactosiulero maparpada. OrmeruM, uro Qyuk-
mun [ u II* cosmagaor ¢ P Ha A, Tax uto A < P, Cie-
LoBaTe bHO, orpannyenne P/ ¢pynkuun I1" Ha o-anrebpy A,
nopowuennyio o (roxe comepxkaiuyloca B ), eCTh mpo-
Ho./xeHne P 10 BepOATHOCTH Ha 3ToH ¢-anrebpe.

Jlnsg pokasaTesnbcTBa €OHHCTBEHHOCTH NPOJOJIKEHHS P
Ha of’ paccMOTPHM BeposiTHOCTh Q Ha Jf’, orpasHiyenue
KoTopoil Ha Jf cosmamaeT ¢ P. Jlerko Bumers, yto Q =1II
Ha & u, ciaemosaTelbHo, Q<< P’ ua A'. Orcioga BHTe-
KaeT, uto Q = P’, nocko/bKy npeanonoxenne Q (A) < P’ (A)
Insg  HekoToporo A& Jl’ NPHBOAHT K IPOTHROPEUHIC:
QEQ)=QA)+ QA)YK P (A)+ P/ (A)=1. Teopema go-
kazaua. §

Tlocxoabky kaace &F, OYEBHAHO, colepxuTced B Jf,

»
TO NMOCTpOoeHHast no P’ BHeIUHsIA BeposTiHOCTb P’/ coBmajaeT
Ha & (Q) ¢ pyuxuneit maoxects I°, Orciona n u3 npenno-
skeanuss [.4.6 BbLTeKaeT, uTO (Q, &, (1)) coenanaer
¢ nonoanenneM (2, A, P’).

Honoanenus u ynpaxcuesun

L5.1. Iycts (Q, o, P) — pepositHoetiioe npoetpauerso. [Mokasats,
4TO MeTplueckoe mpocTpancTso A/P (onpegenzHuoe B yupaauennn 1. 3.1)
noado. ITokasatsh, uro ecaun G — Gyaesa adgaredpa noaMupoxects £,
nopoxiaioman of, 1o G¢/P H30METPHUHO IJIQTHOMY N UIPOCTPAHCTBY
npoctpaunctsa /P, [IpocTpanctso /P H30METPHUHO, CJE10BATEbIO,
METPHYBCKOMY TONOJHEHHIO npoctpakcetBa 4989/P. [[okasats, uto pas
aboii nocacgoBaTeanhocTy {An, 12> 1} MuoKecTs M3 ol

2 P(Ap A Agy) < oo——-;m A,
1 n

14

%llm./l,,.-;‘«- fim P(ApAAL=0
n m, n—>oo

H 3aMeTHTB, 4TO H3 Jinfofl uccaegonateibuoctH Komu {Ap n>= 1}

B AP Moxiuo BuOGPaTh NOANOCJAELOBATEILHOCTD {Anj, j>1}, nsg

KOTGPoIt ‘__\“p(A_l}AAn_ )<co.] Kaix Momno BulecTH TeopeMy
. ‘ J+1
i

O NPOUIRCHNIT BEPCSITHOCTH 113 TCOPCMLI O MONOJHEIHIT MOTPIHHCCKOro
HI)(JC’l'pilliCTBﬂ?

LLA.2. MMvets (Q, A, P) — seposiTuocTiioe npocTpaucTno i 4 — Gy-
Jcsa amedps NoAMEDKESTs Q, NnopoxAaioulas O-aAreGpy i (BO3IMOKHO,
€ TONIOCTLIO 0 HYICBEIX MHOXeeTB). [Tokaaars, uTo MuomeeTd B aa/P,
.9950/1'1’2 H) A/P cosmagalor. (HMcnoarayiorest oGo3naucniist ynpamue-
Bug 1.2.1,
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1.5.3. [Iyets (R, oA, P) — BeposTHOCTHOE [POCTPAHCTBO, H MYCTh of
ecTh O-GHABTP moamuoxects Q (7. e. Takok QuALTP, yTo ecnu Fp e F
(n=1), T0 n Fp & & ), HMEIOIEX BHEWHIOK BepofTHocTh P* (F)=1.

n
ITokasatsh, 4TO cymecrsyer BepoaTHoCTb P’ Ha o-anreGpe, mOpoOxpeH-
Hoil xnaccamu o u o, coBnapaomas ¢ P ua of u pasuan | na mcex
MHOMXeCTBaX H3 & {[npumenuts mnpepyoxenne I.5.2 x dynknum mnuo-
xectB I (Qp) = inf (P (A);, A=, Q<= AU F° pns gexotoporo FE& } .

*1.5.4. Teopema o emuocmax. [lycts F — kaace nogMHOKeCTs &,
conepxamHit H 3aMKHYTHH OTHOCHTEALHO KOHEUHHX 0GhelMHeHHH
H CYETHHX nepeceyeHuil. EMkocTso P HazuBaeTcs oTOGparKeHHe kjaacca

& (Qi) )BQR, 'raéme, q'ro(!2 )< (@)

a) Q=1 S 2);

GERY NS R PeA Lt

(8) Fad F 8 & =59 (Fa) ¥ ¥ (F).

Iloxka3aTs, uTO A4 BCAKOro MHoxecTBa A M3 CYCJHHCKOro
Knacca of

$(A)=sup{p (F); FEF, F= 4}

Ian noxkasatensersa mpeacTaBuTs A B BHJIE
A=LVJFV’ rae Fv=l;m¢p(v‘. <o V)

H OnpefejaHTh [OCAeAOBATEJNBHOCTb [OJOXKHTENLHHX HENHX [HCeX
ny, Ng,....» TaK, 4TOOH
$(Gp) > p(A)—e, e Gp= U Fy.
Vi V‘Qn‘, [ Vp<”p

Monoxuts, natee, Hp= U s U F("x- V) 3ameTHTh, YTO
v,y vpsn, P
G, < Hp v uto nocnepobatenbrocth Hp yGuBaeT, 0TKy a2 ¥ (li;n ‘],Hp) =
> (A)—e (tak kak Hp= F ). Y6enuThcH, HaKOWeN, B TOM, 9TO
lim{ Hp < A, ncnonsays caepyiowmri ¢axt: ana awoboro @ & lim | Hp
p

P
HenycThieé MBOXeCTBa

{v: v,<n, nps scex i@ EF(\,“ Vp)}

ofpasyloT YGHBAOIYI0 NOCAEAOBATENBHOCTE 3aMKHYTHX MHOXECTB
B KOMIIAKTHOM [pOCTPaHCTBE H [1, ni].

i

Myers (R, o, P) —npodssonbHoe BEpOATHOCTHOE OPOCTPAHCTBO.
Tpumenas OpensaymBfi pesyinTatr K cayyaw = & $=P* no-
KasaTh, YTO CYCJAHHCKEE Kjacc "ls cojiepKHTCA B G-anreGpe a6CONIOTHO
M3MepHMHX noaMuoxecTs (R, o) H uro, B wacTHoCcTH, ecaMm mpo-
crpaicteo (2, of, P) noano, To ot =i,
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1.6. ByaeBsl mnoJsyanareGpnl, KOMIAKTHbie KJaaccsl H
yHKNHH pacnpejaeseHds Ha AeHCTBHTE/NBbHOH npsamoil

Bromumoe Hmke mnousiTue Oyaeno#t noayaare6pol sig-
JIleTCsi BCIIOMOTATEbHBIM MOHSTHEM, KOTOPOE OKa3bIBAETCH
ocoGeHHO TO0Je3ubiM NPH H3yYeHHH BePOSITHOCTEH Ha Ieii-
cTBHTeNbHOH npsMoit (RacTosuwmil naparpad) ¥ B 1poH3-
Befenusx npocrpaners (ra. III).

Onpenenenne 1.6.1. Kuacc & nodsnomecrs siHoxce-
crea Q HasveaeTca 6yresoll noayascebpotl,ec.au on
ydosaeTgopseT CAeQYIOUUM YCAOBUAM;

(a) @, Qe;

(6) & 3amMKHYT OTHOCUTEALHO KOHEUHBIX nepecedeHul;

(B) Oonoanerue S° kamdozo sHomecTea S d&F ects
00Be0UHeHIIC KOHEYHO20 CeMEICTBA NonapHo Henepecexaio-
uuxca nodmuoicecrs Q u3 &.

Mpenntoxennel.6.1. bysesaareebpa A, noposxden-
nasa 6yaesoli noayareebpoli & nodsrnonecrs Q, cocrour us

cys A=2XS,; KoHeuHolX cemelicTs {S;, [EI} rnonapHo
1/

Herepecekarowuxcs nodsHoxecrs Q, npunadaexauux .

Hasn kaxdoii addutusHol ynkyuu ynoxecrs P, oro-

6paxaioweld & 6 orpesox [0,1], u raxoi, uto P(Q)=1,

gopsyaa P’ (A1) =2 P(S,) (koppexrro) onpedeaser edun-
1/

cTgeHHoe addutusHoe npodoamenue P ynkquu P Ha
aaeebpy A. Ecau pynxyus P asaserca 6-a00utugroll Ha &,
0 P’ ecrs sepoarnocte Ha JE; 8 ITOM cAyvae cyujecrsyer
COUHCTBEHHAA NPOG0ANAIONAS P 8epOATHOCTE Ha G-a.1206pe,
nopomdeﬂHou & (cosnadarweii ¢ a-aacebpoil, nopomoeu-
Hoti J).

\
JloxazaTeabcTno. Kiace of cyymm X B, ecThb By.1cra
{

aareG6pa noaMuoxecTs Q. B camom gmeae, on (1) comep-
0T @ u Q) (2) 3aMKHAYT OTHOCHTEIBHO KOHEYHHIX IMepe-
» 1 ’ 4 14
ceuenHit: (ZS,)H(E S,)=2,,S;S,; (3) szamKHYT oOTHOCH-
1/ 4 x4

- . \C
Te b0 o6pa3osanis gonoaHedult: (ES.-) = n Sin Sjed
I I
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B CHJy aKkcuoMH (B) onpenesienust GyJeBoil nogayaareGphl.
flcho, uro & nopoxpaer .
JAas [noKasaTeabcTB4 KOPPEKTHOCTHM OIpefefeHus Pr

Ba oI HYXHO IHoKa3aTh, HTO €cJaH 28;=28;, TO
I )
AP(S)= ;P(S;) Hcnoie3ys dopmyan
I
s,=;s;ns;, s;=12]s;ns;

H ajiiuTHBHOCTb P Ha &, uMeeM
2 P(s)=2 P(s:nsp=2P(s),
=Y X7 ie’

yro ¥ TpeGoBasoch, AINMTHBHOCTh (C-aAMTHBHOCTB) P’
Ba L LOKa3blBaeTcd aHAaNOTHYHO. I/Imemlo, ec/iu KOHeuHOe

(cuetHoe) cemeficTBo MHOKecTB Al = 2 S; u3 A (Sles,

MHOXecCTBO [; KoHeuHo), nponymepoaam{ux HHJEKCaMH
jeJ, ecth pa3bueHue MHOXKeCTBa A—-Zsk u3 A, 1O HC-
4=

NOMb3ys Pa3oXKeHus

Se=2 X Sins:, kK,

7 iEII
—_-kZKs{ NSuicl, i<,

H NoJb3ysich alfMTHBHOCTBIO (O-afAMTHBHOCTBIO) P Ha &7,
noayuaeM

P'(4)= ZP(sk) z 2 X P(Sinsy=

K j&1 =

XP(StﬂSk) 2 2 P(S;) 2 P'(A)).

jEl iEII keEK

Haxonen, enuHCTBEHHOCTh NpOJOIKeHHA P’ oueBmzHa,
a mnocjefHee yTBepPXKJCHHUE TeOpPeMLl eCThb CJAEACTBHE Teo-
pemMbl 0 npopoJixkenuu u3 n. 1.5. 8

B reopum BeposATHOCTEH HepeAKO ObiBaeT TpPYyARHO,
2 HHoOr4a M HeBO3MOXHO A0Ka3aTb, 4TO HEKOTOpHM ©06pa-
30M -MOCTpoeHHAs (QYHKUHA MHOXECTB ¢-ajAUTHBHA, AaKe
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ecJH OHA N0 NMOCTPOeHHI0 afAHTHBHA. TeM He MeHee, B [0-
BOJIBHO [IHPOKOM KJlacce CJyuaeB MOXKHO yCTAHOBHTD G-a A1~
THBHOCTL aAAUTHBHOII (yHKIMM MHOXeCTB, QOKAa3am, 4TO
paccMarpusaeMoe IPOCTPAHCTBO YAOBJAETBOPSAET HEKOTOPO-
My JAONOJNIHHUTE/NIBHOMY YCJIOBHIO KOMITAKTHOCTH. mee MBb!
BBOJAUM 3TO YCJOBHE B Haunpocrefmeil BO3MOXKHOR dopMe.

Onpenenenue [.6.2, Kaacc@ nodmunoxnecrs mromxce-
cred @ HA3616QETCA KOMNAKTHbL M, eCAU 045 8CAKOL nO-
caedosareassocru {C,, n > 1} muowmecrs ua €,0.4a koropoii
NC,= &, cywecrsyer yesoe wucso N, raxoe, uro nC,, = (.

n<N

3pecr MBI HMeeM JeJ0 ¢ KOMIOAaKTHOCTBIO B CMELICJC
focaefoBateabHocTell. Beakufi Kaacc KOMNAKTHBRIX IIOf-
MHOKECTB TOMNOJOIMYECKoro mnpocTpancTsa £ saasercs,
OYEBUAHO, KOMIAKTHHIM B CMBiCJeé ZAHHOrO BhIIUE ONpene-
Jenusi. B pagaeHeiimieM HaM BCTPETATCA JPYrHe BaXHBIE
KOMIIAKTHBIE KJAaCCHI.

Jdemwma [.6.1. Ecauxaaccé nodunoxecrs Q xomnax-
TEeH, TO KOMHGAKTEH Takxe u HaumeHowud xaacc &', co-
Oepwawuti € 1 3aMKHYTOIE OTHOCUTEABHO OREPAYUI KO-
HEeuHOco 00Be0UHENUS U CYETHO20 Repece4eHus.

NoxaszarteascTso. [lokaxeM CHauana, utokaace &,
00benMHEHHN KOHEUHBIX CeMEHACTB MHOXECTB H3 & KOM-
naxkted. PaccMoTpHM 10CJAeJOBATEBHOCTh MHOXKECTB D, =

Mll
=JCrus €, rtakyw, uwro [} D, 4@ upm Bcex p.

m=1 n<p
Hy:xHo noxasars, 470 n D,#@. Nyers I =[] {1, 2, ...
n

n
..., M.} —npocTpauctso Bcex nocienomatenbHocTel {im,,
n>>1} HaTypaJbHBIX uYHces, Takux, uro |<m,<M,.
O6oznaunyv yepes J, moaMHOXKecTBO J, COCTOfllee U3 Tex

noc.1ef0BaTeIbHOCTEHR, 18 KOTOPHIX n Crrs=@, Y3 dop-
n<p

No,=U(N ci»)
n<p l n<p

phiTexaer, uro J,7= ¢ mnpu Bcex p>0. Muoxectsa J,,
Kak JerKko BujeTh, y6miraloT. Ham mocratouno noxazats,

MY.IB!
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YTO CYHIECTBYET NOC/IELOBATEJbHOCTb (m, ), IpHHALIEKA-

masn lim} J, B.cadom nene, Toraa [}D.>[)Chr+@,
n n

L]
nockoabky Kiaacc & Komnaxren m [} Cine@.
n<p
Bufepem B xaxA0M MHOXecTBe J, O mociefloBaTENb

Hoct {m!?}. Tlosb3yach MHAyKLHeH, MOXHO MOCTPOHTH
10CJIE0BATENbHOCTh [m;}, TaKylo, 9T0 HJs KaXAOTO p

Halnercss GECKOHEUHO MHOrO ¢, AMA KOTOpHX m'®P =m’

(1<<n<p). Hdasn 3amaHHoro p Bo3bMEM HAHMEHbIUEE M3
“TaKHX ¢, Oonbirux p. Torga nocaeKoBATENLHOCTD {m(,g)_},

‘a BMecTe ¢ HeHl M N0C/eJOBATE/NHHOCTD {mn} NpHHAAJNEXHT J,,

NOCKOJIbKY TOT QakT, IDHHALJIEKUT UK HE NPHHALTERKHT ],
JaHHasl IOCJeJ0BATE/NbLHOCTb, 3aBHCHT OT 3HAUEHHH JIMMIb
IEPBHIX p €€ WIeHOB. TeM caMbM [OKasaHo, UTO {m;}
mpuHagnexur J, npk scex p. (IIpexsinymee paccyxneHde
MOXXHO 3aMEHHTh CCHIJIKOA Ha TeopeMy THXOHOBA: eciH
npocrpaHcTBo J HaZesMTh IPOH3BEREHHEM JHCKPETHHIX
TONOJIOTHH COMHOXHTeJe#, To MHOXKecTBa J, 06pasyior
yOHBAIOMYIO IOC/NELOBATENLHOCTh HEIYCTHIX 3aMKHYTHX
mHoxecTB. [1o Teopeme TuxoHoBa J KOMIAKTHO, H I0O3TOMY
lim | J,#@.)

W3 xomnakrHoctn &, chaemyeT, OYEBHAHO, KOMIAKT-
HOCTb Klacca &, COCTOSINEr0 H3 CUETHHIX IepeceyeHHi
mHoxkects M3 €. Ilockonbky 8’ =% 4, eMMa noKazaHa. il

MNpennoxenne 1.6.2. ITycre o —6yresa areebpa
usruw noayaszebpa nolmHoxcects MHomecTsa L, u nycro
& — komnakrHoi nodkaace A. Beakasa addutusnas gynk-
yua P, otobpancarowan A e [0,1], u rakas, uto P(Q)=14u

P(A)=sup {P(C), CcA, C=¥}
npu scex ASA, 28486TCA BEPOATHOCTSIO.

HdokaszaTenscTBo. JlokaxeM npeJoXeHne CHaYama
Iust cayuast Gynesolt anre6pbl. JJis 3TOro MoKaXeM, 9TO
ecin A, | &, A=A, T0 P(A,)| 0. Bo3bMem npou3BOJNb-
Hoe £>0 M [Js KaxAOro n BeOepeM MHoXkecTBO C,&%
Taxg, utobu C, < A, u P(4,)<<P(C,)+a2" Ilockonbky

4 3ak. 1768
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nC cn/l,, (i, cyulecTByeT naTypaJashoe uHcio AN,

Takoe, UTO n C,=@. WUcnonesyn dopuyay Ay =
<N
n A, U (4, — C,) 1 KoueuHy10 afIHTHBUOCTE H f10AY~
ns<N n< N
ALAHTHBHOCTH P, no.JIyuaeM

P& P (A —CA< ZIP(4) —P(CaI<e

OTciofla B CHJIY NPOH3BoAbHOCTH & HMeeM lim | P(A4,)=0.
TloxaxeM Tenepb, 4TO CilPpABeAJIHEOCTD Hamero npex-
JOXeHHs pJa adarelpsl £ BJIeueT ero cnpaBelIHMBOCTh
Ui noayanareGpu . Jl1a 3TOro BOCHO/NB3yeMcs JeM-
Mo [.6.1 1 npejioKeHleM I.6.1. Cornacno iemume, kaace &,
cofepxaluuiica, ouesuano, B nopoxgeHHoil & aareGpe J,
n

xomnakred, C papyro#ft cTOpoHH, NyCTh A=ES¢EJ£.
1

Bu6upas Muoxectsa C; H3 @ Tak, urobm C; <= S,
P(S)<P(C)+eN (i=1, ..., N), nonyzaem

21‘, C,=An PLAS P (2} ‘c,) +e.

Tax kak 3 C, &%, To TeM caMhbiM 0Ka3aHo, yTo aarebpa J,
5 p

Kaace &, 1 Qysxuus P’ yHoBIeTBODPSAIOT YCJHOBHAM HACTOS~
mero npeasnoxeHnnsa, Cnenonarenbto, QyHkuug P’ apaserci
o-agauTHruof na JL. @

BepositHoeTH Ha IpaMolt oGBIUHO BEOASITCH C HOMOUXAIO
dynkunii pacnpejenenns [neficrerrenpHan Qynkuus F aeii-
CTBHTEILHOTO liepeMeHHOTO HasbiBaeTcs (ynkyucd pac-
npeQesenius, ecad cHa He YCEIBaeT, HenpepsBHA cJepa I

yronjaetoopger ycaosndy lim F(x)=0 3 Ilm F (x)=1].
X-» —

OyHKLNG paclOpeiesteiisa HeloT RechMa ne31{ \UHTRJBHYI0
NPAKTHYECKYIO HEHHOCTH (HCRAOYAS HEKOTOnhiE BOTPOCH,
B KOTOPHIX OCHOBHYIO DOJib [irDACT HMOPSIKOnasd CTPYKTYDa
AefcTBHTEALHON NMpSMCH) H JOMKHE ObLTy On LABUO yixe
HCYe3HYTh, YCTYNHE MeCTO BCPCATHOCTRLIM  {YHKIHHM
muoxecTs, Mpl morames, uTo MewAy OVHKIHAMH pac-



1.6. Byaesu nonyanre6pri, KOMNaKkTHLIE KAACCH! 51

P

npejesieiuss H BepOATHOCTAMH Ha MCeHCTBHTEJBHOH NpsMoil
CyluecTByeT B3aMMHO ORHO3HAYHOE COOTBETCTBHE.

Kiaace & Bcex MHTEPBAJOB (OTKPHITHIX, OJYOTKPHITHX
¥ 3aMKHYTHIX) Ha JReficTBHTesNbHOH IpsiMoli o6pasyer, oue-
BUAHO, OysieBy nosyaare6py u nmopoxpnaer GyJeBy aiare6py
KOHEUHBIX oO0beJHHEeHHH HellepeCeKalOUIMXCs HHTepBAJOB,
O6o3naunm uyepe3 & 6GyneBy 0-aireGpy, nopoxjenuyo .
Tak xak BCAKuH HHTepBaJ Ha R eCThb CHUeTHOe Iepecele-
HHE H BCSIKOE OTKPHITOE MHOXKECTBO Ha R eCTh CueTHOe
ob6befHEHHE OTKPLITHIX HHTEPBANOB, TO £ ABJsETCA TAKXKe
HauMeHblle# o-aare6poi, copepxaineit Bce OTKPHTHE MHO-
»kectBa. [TogMHOXecTBa R, npuHapaexaiie &, Ha3HBaOT
bopesescKumu MHONECTBAMU, :

MMpennoxenue 1.6.3. Popuysa P([,)=F (x), 20e
xR u I,— orkpureui unrepeas (— oo, x), ycranasu-
6aer 83auUMHO O0HO3HAUHOE COOTBETCTBUE MexucdYy B€pOAT=
Hoctamu P na (R, &) u ¢pynxyuanu pacnpedesenun F Ha R.

IHokasarteascrto.[lycts P—BepostHocThHa (R, ).
W3 coorHomeHun#

I,=1I, npn x<y; I,
Ix,,~[/ @ npu x, | —oo; I,

I, npu x, 1 x;
R mpu x, 1 + o0

A

!
n

1
n
caenyet, uto F(x)=P(l,) ecthb QyHRUHSA pacHpefeeHHs.

O6parno, nycts F — QyHKUKS pacnpefesenus. OnpeReaum
¢yuruuio P Ha &, NOJOXHUB

P{la, b} = F(b)—F(a); P{(a, b)}=F(b)—F(a+0)
P{la, b]}=F(6+0)— F(a); P{(a,b]}=F (b +0)~ F(a +0).

YnTaTeab JIeTKO MOXeT IIPOBEepHTh, YTO P ecTh afJAHTHB-
Has QYHKIHSA MHOXKeCTB, orobpaxawomas ¢ B HHTepBaJ
[0, 1] u ynoBaerBopsioas ycaosuio P(R)= 1. O6o3nauum
yepe3 & KjacC BCEX KOMIAKTHHIX HHTEPBAJIOB Ha MpAMoit R.
Kinacc & KoMNmakTeH, W H3 CBOHCTB HenmpepeBHOCTH F
BHTEKaeT, 4T0 P u & yjpoB/ieTBOPAIOT YCAOBHAM NpPeRJIO-
xenus 1.6.2. CnenoBatesnto, QyHKuMs P gBisieTcs 0-af-
AMTHBHOH M II03TOMY HMeeT eJLHHCTBEHHOE IIpOJ0JKeHHe
Jo BepositHocTH Ha (R, &). R

4*
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Tn. 1. BepoATHOCTHLIE POCTPANCTBA

Honoanenusn u ynpaxreenaa

I1.6.1. MNMoxaaaTs, uro npeanoxenne [.6.2 ocraneTes CUpaBCIINBLIM,
cod OTKA34ATBCA OT MpPEeAnosoXxeHus,, 4To % cogepaurcs B oF H 3ame-
LHTL B (opMyaupoBke sToro npepnoxenwust P (C) na Pf(C). IMoxaszats
najee, yTO ecjil BHIOJHEHO YyKa3lanxoe oc1abicHHoe ycIoBie u P’
ecTh NPOJOJMKAKIAR P nepoATHOCT Ha o-aarefpe o', nopomxaciiiof o,
To nojakaace ¥’ = Tplot'c-anrebpu ot kKoumnaxTen u

P (A) =sup (P (C); C'= A, C'c¥'}
npi scex A'cot’.

1.6.2. [Toxaaatb, yto ecau ot u oAy — 6yacul noayaredpn 101-
miozwects &, To xinace F ={A4AnA Edt;,, A,=cly} ToXKe sBatercs

yaesoi noayaareSpoit noaMuoxects Q. Byaepa aaredpa (o-anreGpa),

nopoxcHHas %, coBnanaet c Gysesoii aareGpoit (o-aare6poii), nopo-
wkAaenuoit oA, U oA,

1.6.3. Pacnpocrpansts npepaoxennce 1.6.3 ma unpoctpadcrsa RP,
3aMEHSA [DPH 3TOM MHTEepBain [y Ha ,MHOroMepunic HuTCpBanan® [y=
={f:yp<xli=1..., nk



I nasal

Hrmezpuposarue
CAYUAUHBIX BEAULUN

I1.1. Hamepumne otTobpakeHHs

KaxnoMy oTobpaxenmio X MHOxecTBa £ B MHOXeCTBO £/
cooTBeTcTBYeT o6paTnHOoe oTobpaxenne X!, KoTopoe mepe-
BOAMT Kaacc & (&) B momgnacc Kiaacca & (Q) u ompe-
neasierca  QopMmysaoit X1 (A)={o: X(o)= A’}. D10 06-
patHoe oTOOpAMeHHe FABJIAETCH FOMOMOD(H3IMOM OTHOCH-
TedbHo oObenuHenult, mepeceuenuil (OeCKOHEUHBIX) H
AonoJiHenust. MHBIMu cioBaMH, oHO 00/1afaer ClefylomuMH
CBOHCTBAMM: '

X(@)=2, X1 @)=9;
XA = (X ()

x“(LIJ A:) = L,J X' (a4, X“(Q AI) = f) x (a9,

rae {4}, ie 1} — nipon3BO.IbHOE CeMeHCTBO 0L MEOXKeCTB Q.

O6o3nauuM uepes X 1(¥’) xyacc BCeX MTORMHOXKECTB
MuoxecTBa Q Buma X 1(C’), rae C’ npunanneXur kiaccy &
NnojMHOXecTB MHoXectBa . Ma BHINHCAHHHX Bhe dop-
MYJ HENOCPEeACTBEHHO BHTeKaeT, uTo ecnH oL’ ecrb oO-aJ-
re6pa (axarebpa) nogmuoxects ’, ro X! (A’) ectb 0-anrebpa
(anre6pa) momMuoxecTB . AHaJOrHYHO, HMeeT MeCTO
CJHenyIoIui pe3yJbTar.

Jemuma I1.1.1. Kaxkos 6ot Hu 6oea xaacc &' nodmto-
gicecre ¥, npoobpas X (A’) 0-areebpor A (nodmroxcecra’),
nopoxcdennot kaaccom %', coenadaer ¢ o-arzebpoii A
(nod mnoxcecrs Q), nopondentol xaaccom X (Z7).

HokasatesabeTho. Tak kak X~ (A’) ecThb 0-airebpa,
comepmamasn X (%), o X~} (A’) D . C apyroit cTopoHH,
knacc F’'={B’:X'(B’)=A} spnsercs, KaK Jerko mpo-

’

BepuTh, 0-aarebpoit noaMuoxects £’, coxpepxameR &’.
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C.le10BaTEIbHO, 3TOT Kaace colepkut A/, Tak uro
XA XKW F)< A

Tlyete X —otofpamesuwe Q@ 5 @, » nyers A ecTs
o-aare6pa noiMuoxkects Q, Kaace A ={A": X1 (A') = A}
npepcrasaseT coboli c-anrebpy nogMuoxkects £, nasu-
RaeMylo o-aa2ebpoil, undyyuposaunoii orobpasgenues X
u3 . Jlaa Besxolt eepostHocTH P Ha (Q, A) dopmyaa
P (A’)= P[X"1(A")] onpeneasier meposTHocTh Ha (@7, JA).
IomopaT, uTo BeposiTHOcTHOe mnpoctpanctso (2, A/, P)
undyyuposaro orobpascenuesr X wua (Q, A, P).

[Tyers (2, A() 1 (Qy, Ay)— LABa H3IMEePHUMEIX TIPOCTpAH-
crea. OtoBpaskenve X wMHOXecTBa Q; B MHOXKecTBO @,
Ha3niBaeTcHd uamepumotym, ecauw X7 (o) = o, wiH, uTO
pPAaBHOCHJIBHO, ecay o-aire6pa nogMuHOKeCTB Ly, HHAyWii-
posanHas orobpaxkenueM X u3 A, comepxkur ;. Hs
LOKAa3aHHON BhIlle JeMMLI JerKO BhHITEKaeT CJAenyIIni
BAaXKHBI pesyabTar.

[Ipennoxenue IL.1.1. Jaa roco urober orobpadce-
nue X usmepusoezo npocrpaucrea (2, A,) 6(Q;, A,) 6uei0
usmepumotst, docrarouro, 4robe. CYULECTEOBAA KAACC
nodmHoxcecre Ay, nopomdarouwutl A, u  Ttaxkod, uro
X&)y,

s Bearoro cenefictsa {X;, (€I} uaMepuMbx 0T106-
pakenn#t (2, A) B u3mepnmsie npocrpauctsa (2, A,)
{ne o0sizaTe 1bHO passnunnie) uepes % (X;, i =7) obosznauny
g-nopanreGpy o-anre6put of, NOPOKIAEHHYIO CeMelicTBAMU
X7 (A,)- B uwactunocrn, £ (X))= X{'(A,). Jlerko Bumers,
uto o-aaredpa # (X;, i=I) coBmamaer ¢ HauMeHpiuel
o-mojanrebpoit % o-aarebpul o, oBaanmalwoulell TeM crofi-
creoM, uto X;{i &) aBisioTess H3MepHMBIMH OTOOpake-
wusyu (2, %) B coortrercrByicuiee npocerpauctso (2, o).

JLionoanenua u YNpaxcHeHus

IT.I.I. Ecasr ortoGpamenns X upocrpanctea (2, %) B npocrpan-
cteo (&, #') u X’ npocrpauctsa (&, 49') B npocrpauctBo (7, BF7)
H3MEDHMB, TO H3AMCpHMa Taxyke xomnosuuust X’oX aTux otoGpare-
uwit, otoGpaxaowan (2, %) s (27, F").
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11.1.2. Oto6paxenne X MHOXecTBA @ B MHOXECTBO Q' HasnlBaercd
unsexrusnsim, ecli X (0;) # X (0;) npr @ = @, 0, 0y, = Q, cropsex-
Tugnsim, ecnu X (R)=8’, H OuekTuenuism, €CIH OHO OJHOBPEMEHHO
MHBEKTHBHO M clopbexTHBHO. OGo3uaunM To# e Gyxso#t X otoGpaxe-
Hue & (Q) B & (), onpepennemoe dopmynoit X (A) ={X (0); @ = A)

Iloxasats
(a) urto
X (UA,-) =Ux @
I I
A5l moboro cemeiersa {A;, [ = I};
(6) uto
X (n Ai) = n X (A)
I I

ana - mo6oro cemefcrea {A;, i=I} Torma 4 TO.IBKO TOTAa, XOraa
X HMHDBEKTHBHO;

() urto X[X_1 (A)]-==A s gwo6oro A TOrAa K TOJABKO TOraa,
xorna X CIOpPBEKTHBHO,

(r) uto [X (A)]°=X (A°) aan moGoro A TOrAa W TOJABKO TOTAA,
korja X GHEKTHBHO.

*11.1.3. Onepaugun Cycaruna (npojoixkerue ynpaxuedus [.2.2).
Mycts X — oTo6paxkerne MHOXecTBa & B MHOXeCTBO Q' u &F — npoHs-
BOJbHBLA KJAace moamnoxects &, [Tokasars, uto X' (Fg)= [x! (J)]s.

I1.2. RefctBuTeabHble Cayuaiinbie BeJHUHHBI

Iycrb (Q, A)—usmepumoe npocTpadcTso. Ha npors-
JKEeHIH BCEro HACTOSIEro IYHKTa MHB 6ymeM CYHTATb €ro
¢duxcupoBaHHsiM. (ITepBrie peaysnbraTH 3TOrO IYHKTA
HCIIOJB3YIOT JIHLIbL CTPYKTYpY 6yJeBoil aare6pnl kaacca A.)

Onpepeacnue I1.2.1. Hedicreureassroil cry-
nernuaroni cayuaiinol seasuuwunoll (crynenya-
roti 0.c.6) Ha npocrparcree (2, A) Hasvieaerca oro-
6pancernue X mHomecrea X 6 OeilicTeureAbHY0 RPAMNYIO R
suda

X(@)=x; npu oA, (is]),

2de {A;, i € I} — koneunoe pasbuenue npocrparcrsea (2, A)
u deiicreureasnste wucaa x; (i = 1) nonapro pasauuHor.

Mpeanoxenune I1.2.1. Jas roco urobu orobpase-
Hue X mHomecrsa 2 & R Guao crynenuaroli 8. c. 6., He-

-1 .
06X00umMO u OoCcTATOUHO, 4TobbL kaace X ($7) Gbia KOHewH ol
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o-nodaazebpoii o-aacebpo A (£ obosnauaer o-aiceipy
bopeaeeckux mHoxcecrs 8 R).

ﬂoxasaTenb CTRO. YcioBHE HeO0XOTHMO, TOCKOJLKY
X '(#) cosnagaer, oueBHmHO, ¢ OyJeBoit o0-aareGpoi,
nopoxaenHoit cemelictsom A; (i = /). na mokasarensctsa
ero JAOCTATOYHOCTH PACCMOTPHM KoHeuHoe pasluenire
{A;, i= I} MHoxkecTRa Q Ha MHoKecTBA U3 of, IOpoKIAI0-

-1
wee X (#) (cM. npemiowende [.2.1) OroBpaxkenne X
NOCTOSIHHO HA KaXIOM H3 MHoXecTB A;. B cavom peae,
ecinn OB CYU[eCTBOBAJH ABe TOYKH @ H @' B HEKOTOpoM
13 MHOXecTR A;, AJs xotopex X (@) X(w’), To MoxKilo
Guimo Ob BEHOpaTh GopejeBcKoe MHoxkecTBO S B &,
coaepxkamee X (0) u He comepxkamee X(o’). Ilpu atom
-1
nepecedenne X (S)1A; 6uJ0 Gbl HEMYCTHIM MHOXKECTBOM,
-1

npunamiaexamuM X (#) n crporo comepxamuMcs B Ay,
4YTO HeRo3MOXHo. HaxoHel, 3navenns X Ha MHOXecTBax A;
NONapHO PAa3JHUHbI, MOCKOJEKY B NPOTHBHOM CJydae MHO-

. -1
xectBa A; He Morsim Onl Bce nmpunagdexars X (). 1

KaxzoMy MHoXecTBy A &€ of NMocTaBUM B COOTBETCTBIE
CTyNeHYaTylo 1. C. B. l,4, HasnBaeMywo uHduxkaroposm A u
onpedeiseMy0 hopmyaoli

l mpr o< A,
@=1,

nmpu o & A.
Il. c. B.,, BcIO1y paBHy©O eduHHIe, OyneM oO6o3nauath 1
(emecto lo). Ouesngno, HMeloT MecTo cienyiouine ¢op-

MYJIBL:
lpe=1—1a lypg=latls la-lp=1uz
lsupa, m=sup(la, 1g); linta, 5 =inf(la, lg).

Mpenaomxenne I1.2.2. MHoxwecTso & cryneriarsix
0. c. 8. Ha (Q, A) useer crpykTypy cTPYKTYPHOU arcedpot

(ct. Huae), npodoasxcarowyro cTpykTypy 6yiecoit aazebput
kaacca A.

HoxazaTenbcTBO, YTBepKACHHE npe;mo,xemm co-
CTOMT B ClefyloHieM,



11.2. NekcrBuTeabHble CaydafHpie BETHUMHA! 57

(1) & measercsa aunelinoim npocTpatcTeom. Bosee TouHo,
& fBAAETCH NOANPOCTPAHCTBOM JIHHEHHOTO NMpOCTpaHCTBA
BCEX JEHCTBHTENbHHIX QYHKUHMHA Ha 2, TOPOXKMEHHBLIM HHAM-
KATODHHMH 1. c. B. 14 (A= Jf), B camoM fene, oueBuHO,
yto 1, =& npu Bcex A= u wto Besikasa Gynkuun X =&
MOXeT OHITb 3anucaua B ¢opMe JuHeHHOH KOMGUHAUMH

HHIUKATOPHBIX QYHKUHUT: X=2 x‘lA[. ITockoaLKY, KOHEYHO,
1

cXe& npu Beex XE& u c=R, TO ocCTaercs JHIIb
noka3aTth, 4To X, Ye&=> X+ Y= &. Ilyets B coorser-
CTBUH C onpenenenneM X=x; na A; (i) u Y=y,
Ha B, (j= ). NMeeM, oueBuaxo,

X+ Y=§x11,1,+2’}y,1,,,=1§1(xi +x;) Lo, 15,

Henycrole MHOXecTBa A;B; 06pasyioT KoHeunoe pasbuenue

npoctpanctBa (L2, of). OGbexunsas Te u3 HHX, KOTOpHe
COOTBETCTBYIOT ONHMM H TEM e 3HaueHHAM X; + x; noJy-

yaeM mpejCTaBJeHHe BeditunHE X + Y B HYXHOM HaM Buje:
X+Y=§zk1ck, TAe 2, NOMapHO pasnuuns u C, obpa-

3yI0T KOHe4Hoe pasbuenne £,

(2) & ssasercs aaeebpoil. DTo 03HaUAET, YTO JHHEHHOE
NPOCTPAHCTBO & 00najaeT CIAefyIOUHM CBOACTBOM: NPOU3-
Befenne XY naByx oymkuui X, Y& npunapaexuar &.
B camoM nene, uMeeM

XY= (? xilﬂi) (? !/iIB,) = 1%1 xiyilAiBj

H oCTaeTcs JHIb 00BLEAUHHTH COOTBETCTBYIOLIME HENYCTHE
MHoXecTBa A;B; aHaJOTHYHO TOMY, KaK MH 3TO CHAEJalH
B (1).

(3) & smeasercs cTpyKTYpoll OTHOCHTENBHO €CTECTBEH=
HOTO YNOpAJAOueHHs, ONpeNeJeHHOr0 B NPOCTPAHCTBE BCEX
AeicTBHTENBHHX QYHRUMU Ha Q: X <Y, ecan X (o) < Y (0)
npu Bcex o Q. HWuuMu ciaosamu, ecau X, YE&, o
sup(X, Y) u inf (X, Y)=&. HeficTBHTeabHO,

sup (X, Y)=sup (x;, y;), inf(X, Y)=inf(x;, y))
Ha AB;, (i<l je)).
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(4) Crpykrypa & neaserca npodoawenuesm crpys-
ryps. £, 3To yTBepXKIeHHe Belpaxkaercs ¢opMy.aami,
BbIMNCAHHEIMH Nepel dopMynuposroil npepaoxennus.

Caeayiomue GOPMYJaB! CIpaBenIHUBbl A5 BCeX AeHCTRH-
TeiLHHX (QYHKUMIl Ha @ H, B 4acTHOCTH, AJA CTYMEHUATHIX
. €. Bl

sup(— X, Y)=—inf(X, Y),

sup (X, V)+inf(X, V)=X+ Y.

O6osuaunm sup (X, 0) vepes X¥ usup(—X, 0)= —ini (X, 0)
uepe% X' QOuesnano, o6a otobpamenus X' 1 X~ MHOKe-
crea £ B R IOJTOMKHTENBHH I

X=x"—x"

Onpeaenenue I1.2.2. JelicrsureasHol cay-
wauHott eeauvunot (0.c. 8) Ha Q nasusaercs oro-
opaxcenue X muoxeersa © g pacuupentyo deticrsureas-

nyto npasyo R=[— oo, ®], se.i11mujeeca noroueuHoin
npedeaos  nocaedosarcasHOCTi  CTiieHYaTsix 0. . 6.
M. c. 8. X nazersaror KoHeu Hott (noaowuretsHson),

ecan X ()R (X ()= R, =[0, +o0]).

[Mpeaxiomenne II.2.3. Jaa roeo urobu. orodpa-

acenue snoxcecrea Q 8 R 6Guiao 9. c. 6. na (Q, A), Heol-
xoluao u docrarouHo, urobel oHO Ob1A0 U3MEPUMEIM 10

oriomedio K o u o-aseefpe # Gopeacsckuy  noo-
nmoxects R. JIaa 86110.41eHHS 3TO20 YC.208US 6 CE010
cuepeds docrarouto, yroder {w: X (w)< v} JA npu scex
v &R (n1u npu scex x u3z MHONLCTEA, NAOTHOZO 8 R).

Onpejeenie o-a;redpbl % GOPCTEECKIX N0IMIOKECTE R
aiiado0r10 onpeeaedno o-aarebpe &# (ctp. 51). Orue-
THA, uTO H ABAsTeTcs caeloM & ua R (vmpamuenie L. 4.4).

HOI\auaTeJIbCTBO [Iyets X—g.¢.8B. H
{Xpo 122 1} — nociegoBaTeTHHOCT CTyNMeHyaThiX . C. B.,

rakaf, uto X,(0) > X{0) (09, n--»>o) B R. Tak Kax

sup limiﬂf{m: Xn(m)<x—71}={m: X(@)<x} (x=R),

k>0 n->w
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10 {0: X(0)<x}e=A. Caeposarensio, X uamepuma, mo-
CKOJILKY HHTEpBaJn [— o0, x) mopoxpaioT & (cM. npepto-
xkenne 11. 1.1).

O6parHo, nycTs X —HaMepuMoe orobpaxenue (Q, A)
B (R, #). TMockoabky X ectb pasnocts X' — X~ IBYX moJo-
JKHTeJbHHX H3MEPUMHX oToOpaxkenuii (3T0T GakT HOKa3nl-
BaeTcsi COBCEM IIPOCTO), TO JOCTATOYHO [OKa3aTh, YTO
BCsIKOe TOJIOXHTEJNBHOe HaMepumoe ortobpaxenue (R, of)
‘B (R, &) sBAseTCs NOTOYEYHBIM NpejesoM IOC/e 0BaTe b
HOCTH CTYNeHYaTslX 4. c. B, Ho ecan ans Taxoro o’roépa-
3KeHHs1 Y NOJOXKHTD

no®

_ 14-—1
Y"=2I lgm1<ya® <q}+nI(Y>n} (n=1),

q=1

to ¢yurunu Y, (n>1) obpasyoT Bo3pacTamomylo Iocje-
JOBATEJNLHOCTh NOJIOXKHTEJNBHBIX CTYNEHYaTHX J. C. B.,
TaKylo, YTO

Y, <Y HaQ Y,>Y-2"na (¥Y<n}
Yo=n na {Y>n}.

Ozrciofa OYEBHAHO, YTO Y(m)=11m }Y,(w) upm Bcex
os=Q B

TeM caMBIM MBI jokasanan npepnoxenue I1.2.3 u oguo-
BPEMEHHO CJlenylomui pe3yJbTar.

Mpegnoxenne I1.2.4, Bcakaa nosoxuressHas
d. ¢. 8., onpedesennan Ha (Q, JA), ecre npeder no Kpatived
mepe oauou so3pacraroujel nocaedosareAbHOCTY NOAONHU-
TeAbHolX cTYynewyarslX 0. c. 8. Bosee Toeo, 3ty nociedo-
8aTeABHOCT MOXCHO ablbpare tax, 4robsi cxo0umocTs
Oviaa pasHomepHod Ha Kaxdom nodutoscecrse Q, Ha
koropom Y oepanuuera csepxy. ,

M3 caMoro onpeneseHus 1. C. B. M M3 KPHTEpHH,
cozepxamerocss B npeisoxeHnn I1.2.3, Bumreraer, uro
COBOKYIHOCTDL CJAYyYaAHLIX BeJII4HH 38 MKHYT2 OTHOCHTENLHO
apudMeTHuecKiX omepauuii ¥ nepexogoB K npexeny (mo
nocNefOBATENLHOCTAM), €CJH TOJBKO 3TH ONepaguH He
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IPHBOASIT K HEOHmpeJeseHUbIM BBpIXKEHUSIM THOA 00 — 0o,
0-00 n 1. 1. Boaee Touno, ecit X ¥ Y — 7. c. B. H c =R,
TO H. C. B. SABJAIOTCS TaKXe

(a) cX;

(6) X+ Y, ecan X(w)-+ Y (@)% co — co HH NpH KAKOM ©;

(B) XY, ecan X{0)X(Y)540- 0o HM NpH KAKOM @;

(r) X/Y, ecnin X (0)/Y (0) # oo/oo HH npH KAKOM ©.

B uactHocTH, KOHEuYHmie 1. c.B. ofpasywT anarebpy.
Hanee, ecnu {X;, i €[} —cuernoe ceMe#cTBO A. C. B., TO
o6a otobpaxKeHus slfp X; n inf Y; Toxe sigasioresn m. . B.

7

3T0 06CTOSTENBCTBO IN103BOJASIET ONpeneduTb IJIA BCAKOIl
nocnegosateasnoctn {X,, n>=1} 1. c. B. JBe 1. C. B.

limsup X, u liminf X,,. MuoxecTBO cxodumocru mnocJeno-
n-> oo n > o

parteasHocTH {X,, n>1} ompenenserca Kak (H3MepHMOC)
muoxectso {limsup X, =liminf X,}. Ecam, B uactrOCTH,

n n
limsup X, = lim inf X,, Bciony na €, To nocjegorateNbHOCTD

n . n .
{X,., n>=1} nasniBaioT cxodaujetics ecrody v obiiee 3Haye-
HHe BepXHero I HuXHero npenenoB oboasnauarnT limX,,.
W3 ckazandoro ciaenyer, 4ro npedes ecakod cxolfwelica
nocaedosaresasnocry 0. c. 8. ecTs 0. C. 8.

B coorserctBHu ¢ onpegedeauami m. IIL1 @ ¢, B.
Y na (Q, o, P) wuasniBaercss u3mepumori OTHOCUTEAH-
Ho o-nodascebpor #B o-arcebpor A (kopotko, B-usme-
punotf), eciau o-aarebpa .;’t‘?(Y)={Y_l (S), S #} co-
nepxutest 8 F. Crenyouiee HpellorkeHHe XapakrtepHayer
Bce % (X)-u3MepuMHe 1. C. B., T. €. 7. C. B.,, H3MepHMHE
oTHOCUTe]bLHO o¢-adrebpnt %, nopoxzeuno# Ja.c. B, X,

IMMpennoxenue I11.2.5, Mycre % (X) ecrv o-nod-
arzebpa c-arzebpor A, nopomdennan 0. ¢. 8. X. [[48 1020
yrobot 0. c. 8. Y na (R, A) 6oraa B (X)-uamepunoii, He-
ofxo0umo u docrarouHo, yrobet Y moxcto Owvino npedcra-
aure & eude Y={(X), ede [— usmepusoc orobpase-

Hite (72, a9_?) g cebs,

HorxaszarteabcTBo. JlOCTATOUMHOCTHL YCJIOBHA Ovye-
BupHa. [lns goxkasatenbcTBA Heo0XOIMMOCTH PaccMOTPHM
cuayana cayya#, korga Y ects % (X)-u3mvepuMas crynes-
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yatast 4. ¢. B. B sTOM cllyuae cyIlecTBYeT Takoe KOHed-
Hoe pa3bHeHue
By, 1<i<n}

npocTpancTBa @ Ha MuoxecTBa M3 # (X) M Taxue nonapHo
pa3nHuHble AeHCTBHTENbHHE UHCeaa y; (1<CiKn), yro Y =y,
Ha B,. Ilockonbky MHoxecTBa B, npuHajgiexaT % (X),
CyliecTByeT Takoe ceMeHcTBO. OopeseBCKMX MHOMKeECTB S
(1<i<<n) na R, uro B,={X<S§;}. Bopenesckue Muo-
AecTBa

Si=8:i— s, U<i<n u (USY=(ZS8)
i<i .
o6pa3yloT KoHeuHoe pasbHenHe R X H3 COOTHOLICHHH
(X=S,S}=BB;= @ (i7]) surexaer, uro B;={X =Si}.
OnpenenuM Tenepb GyHkuuio f Ha R, NoNoXKHB [ paBHO# y,
Ha S; u pasuoit mymo na (X S]). Scwo, uto f ectb H3Me-

puMoe orobpaxenne (R, &#) B (R, &#) u Y =[(X).
Ilycrs . Temepb Y —npousaBonnHast (He CTynewyaras)
# (X)-namepumast 1. c. B. H {Y,, n>1}—nocaenosarens-
HoCTh 4 (X)-H3MEepUMHX CTyNeHwaTHX J. C. B., TaKas, 4TO
Y=1limY, Ilycrs, nanee, Y,=f,(X)— nonyuennoe BuuIe
npexpcrasienne Y,. ITonoxum f=limsupf,. Oysxuus f
n

ABIsieTC HMaMepHMHIM otoGpamenuem (R, &) B cebs n
Y (@) =lim f,[X ()] =F[X (0)] npu Bcex o = Q. I

Honoanenus u ynpaxctenus

11.2.1. Tlycte E — nvsefiHoe NPOCTPAHCTBO ONPEAENEHHHX HA H3Me-
pumoM npoctpancTse (8, o) orpaHHueHHBIX U3MEDHMBIX (yHKUHH,
Takoe, 4To

(a) 1= E;

(6) [, e E=sup (f, g) = E;

(8) {fn, n = 1} — orpanHuenyas KoHcTaHTOR BO3pacTaOmWAN MOCTE-
IopatensHocTh dyHkuufi w3 E = lim f, = E. Tlokasats, uT0 Ccyme-
cTByeT o-nojaJjrebpa 4 o-anre6pw o, Takads, yto E gBasercs mpo-
CTDAHCTBOM BCEX OrpaHHYeHHHIX F-u3MepuMblXx ¢yHKuHA. [ITosNoKHTE.
B = {B: 1‘8 & E}. Jlan nokasaTenscTsa Toro, 4T0

{>a=# mpu [eE,
BOCHOAB30BaThest TeM (HaKTOM, 4TO
> g =lim 4 int 1, n(f-a)']]
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11.2.2. Cayuaidineie sesunufist €O 3Ha4eHun VMU 8 Mmempiuye-
ckox npocinparcmee, Ilycts (Q, o) — u3amepiyoe npocTpaHerso i
E — ametpuueckoe mpocTpaHcTso ¢ MeTpHKoft d. CTyneHuatsle cayyait-
HLle BEJHYHNIB #  CJAyyafHble BeJHUHHB co 3uauenusMu B E ompe-
IEISAIOTCA aHAJNOTHYHO J.c.8.. B onpexenemusx [1.2.1 # 11.2.2 syxuo

Juws zayennts R u R Ba E, [lokasars, yro ecomt X; (i=1, ..., n)—

onpemesennsie Ha (Q, A) cayualiume BEAHUHHE €O 3HAUCHHAMMN
B MeTpHueckHX HpocTtpascreax [L; (i=1, ..., n) COOTBeTCTBeHHO i
ecJH u — HempephlBHoe oToGpamenne IIE; B MeTpuueckoe mpocTpas-
creo E, to oroGpaxenie u(X;, ..., Xp) ssaserca c. n. Ha (Q, 1)
co 3vayeuuamu B E. B uwactmocrn, ecau X;, X, — 1se c¢. B. co 3mHaye-
nuamu 8 E, to d (X, X3) ectp x. ¢, B. ITokasate panxee, uto orobpa-
wexne X npocrpasctea (&, A) B MeTpuyeckoe npocrpancteo £ asasercs
C. B. TOFXA ¥ TOABKO TOr'Aa, KOrAa
(a) X (RQ) copep:KHT MAOTHYIO MOCJEHOBATEIBIOCTS;

(6) x! (B) = st pan Besxoro oTKpwToro wapa B s L.

11.3. MaremaTHueckoe OXHIaHHe JeHCTBHUTEJBHHX
cayuafiHHX BeJH4HH

ITycts P — BeposiTHocTh Ha Gysesoit anre6pe (B yacr-
HOCTH, Ha OyJeBoil o-aare6pe) o€ nopMmuoxkecre Q. Kax-
noit crynenyatofi x. ¢. B. X, onpexpenedHolt Ha (2, f),
TOCTARHM B COOTBCTCTBHE JIEACTBHTETBHOE UHCIO 2, x;P(4)

1
(ncnoawsyloTest ofosmauenust onpegenenns II.2.1). 3ro
YIIC.10 HA3LBAETCS MATCMATUHOCKUM OMUOAHUEH BETH-
bt X uan uxrezpaaosm or X n oSosuavaercs E(X), EX,

J X (o) P (dw), fXdP, HJIH OpOCTO J-X.

Npeanoxenue 11.3.1. Marenamuueckoe oxuda-
nue E(4), onpedenennoe Ha auMedrod cTpykType & CTY-
neniarex 4. c¢. 8. Ha (2, A) nocpedersom sepoartocru P,
ABARCTCHA COUHOTEEHHBIM NOJOICUTEALR M JUHEEHbIM QYHK-
yuoHaiom wa &, ydosaersopaiouus ycaosuw E (1,)=P (A).
Kpose 71020, oxo obaadaer caolicT80M HEnpepolBHOCTU
OTHOCUTE.L6HO MOHOTOHHBIX nocaedosareastocreil: X, 4 X
(coorsercreenno ) 68 &E=E(X,)YE(X) (coorser-
CTECHHO | ).

ObparHo, scakuli n0AoIuTeALHbIL AUHEIHbBE PYHK-
yuonaa E na &, ydoeaersopsiowuii ycaoguam E(1)=1
u X,,0 6 @=E(X,)}0, ssaserca maremaTuuecKurm
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o#cudaHUEeM OTHOCUTEAbHO BeDOATHOCTU P, onpedesnemol
opmyroit P(A)=E (1,)(A = A).

HdokasaTeabcTBo. K3 onpenenenns E () Hemo-
CPEeJACTBEHHO BHITEKAeT, 4TO

(1) E(1)=P(A), E(1)=1;

(2) E(X)=>0 npu X >0,

(3) E(cX)=cE (X) nas no6oft geACTBUTENBHON [10CTOSIH-
Ho#t ¢, AnmurHBHOCTE E BHiTEKaeT H3 caeAyomed Ie-
NOYKH paBeHCTB (MCIOAb3ylOTCH OGO3HAUEHHS INpeasIoXKe-
aus I1.2.2, (1))

E(X + Y)=§sz(Ck)=lZ ;(x,+x,)P(A,-B,)=
= gx,p(A,H- ;y,P(B,)= E(X)+ E(Y).

OtMeruMm, uto B cuay apxutusHoctH E (1) csoiicTsa
MOJOKHTEILHOCTHE B MOHOTOHHOCTH E () 9KBHBaJEHTHH,
B camom Aene, ecmu X<LY 8 &, TO

E(Y)=E(X)+ E(Y—-X)= E(X).
NOCKONBKY Y — X >0,

IIycte {X,, n> 1} — cxoasmasics K Hy/JIO yGHBaoOULAN
HOCIeROBATENLHOCTh B & - H k — pHanGosbinee 3HAayeHHe,
Kotopoe npuHnmaer X, a, CaefoBaTenbHo, ¥ Jdw06as U3
BeNHUNH Mocaenonareabroctd {X,}. [Tockonbky, oueBnAHO,
0< X, <kl >g+e (n>1, e > 0), nocroabky

0K EX,)<kP(|{X,>¢€])+e.
3aMeuas, uro {X,>e}| J, BHBOAMM H3 3TOr0 HEPaBEH-
CTBA H aKCHOMbl (B) oONpeXeJeHHsT BEPOSITHOCTH, YTO
lim} E(X,)=0 (chauyana HyXHO NOJOXHTH 7 —>00 ¥ 3a-
n

teM €} 0). Orciona shTexaer Henpephisnocts E(-) oTHo-
CHTENbHO MOHOTOHHHX IoCaemoBaTedbHocTell: npu n 4 oo
HMeeM

H KXo} X=5(Xa—X) |0
E(Xp)=E(X)+ E(X,—X) | E(X),
Xat XX —X,) 10
E(Xa)=E(X)— E(X — Xa) } E(X).

Hoka3saTenscTeo 00paTHOTO YTBEpPIKAeHAS TPyAa He
npepcrasaset. il

a TakKiKe

"
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Otseyalollee BepOATHOCTHOMY mnpoctpaHerry (2, A, P)
MaTeMaTHueckoe oXujaauue E (1) Ha npocrtpaHcrtBe & cTy-
IeHYaThlX JA. €. B, MOXHO TPOIOJKHTb, HCHO.Jb3yS,
B uacTHoCTH, pesy.abtat upeanoxenus II.2.4, Ba wmHo-
JKEeCTBO BCCX IOJIOMHTEAbHBIX A. c. B, Ha (2, A, P) ¢ co-
xpaHeaueM croHeTB JnHefHOCTH, MOHOTOHHOCTH H MOHO-
ToHHO# HenpepbiRHocTH. C 2TOH Uenbl0 AJH BCAKOH IIO-
JOXKHTENbHOH A. c. B. X Bo3bMeM cxoasimyiocs K X Bo3-
pacTamulyio MocaeZoBaTeNbHOCTb A. €. B. {X,, n>1} u3 &
u nosoxum E(X)=1lim4 E(X,). Takoe onpesnesnesiec oka-

n

3bIBAeTC KOPPEeKTHBIM, T. €. He 3aBHCAUHM OT BHOOpa
nocaefoBarejbHocT {X,}. 3atem yerauarausaioTes HyX-
1bie cBOficTBA TaK NMPOLOJIKEHHOTO MaTEMATHUECKOTO OXKH-
nauusg. Mpl OcyIIeCTRHM 3Ty IIporpamMMy B HecKoubko 6o-
Jec obmeil cHTyauHH, noJACKasblBaeMo#d npegbAYLUIHM
npeftoxkenveM. YHHTaTesb 3aMETHT, UTO HHXKECJeAYOLIee
JIOKa3aTe. 1bCTBO fBJsgeTes obobutensemM Ha (GyHKIUH pac-
CyXXjeHHs, NpuMeHedHoro B Jemme [.50.1 u npentoxe-
uun 1. 5.1 Kk MHOXeCTBaM.

Mpepgnoxenue I1.3.2. Hycre & — 3amxnyroe or-
HOCUTEABHO CTPYKTYPHBLLX ONepayui AuHeliHoe RpocTpaH-
cr80 OelicTauTesbiblY (yHKYW, OnpeCeseHHbIX HA MHO-
awecree Q (npocrpancreo Pucca). IHycre E()— no-
AOHCUTENbHbIE AUHEUHbL (hyHKYUOHAA HA &, TOKOE, 4T0
X, 40 6 EDE(X,) 0. Hpedno.toxun, kpome roco, 4ro
e u E(l)=1.

Ha wunoxecrse 7, npedesos X =lim*t X, sozpacraio-

n

wux nocredosaTeAbHOCTRE NOAOIUTENLHOLX PYHKYUL 13 &
dopmysa E(X)-—hm E(E) xoppexrHo onpedeaser npo-
donxcernue E(2) ¢ é" Ha 7., obaadawowee credyouumu
caolicmeamu:
() ISEX) < o (X & 7.);
By XEF., c=20DcX =7, u E(cX)=cE(X),
X, X7, =Dsup(X,, Xy), inf(X,, X)X, u
E(X,)+ E(X,) == E [sup (X, Xp)] + E [inf (X, Xa)];
(8) X\ <X, 8 y+:$E(Xl)<E(X2):
r) X,t 8 Z.DlimtX, 7, u
E(lim % X,)=lim { E(X,).
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. 3AMEYAHME, YCHJIHM CJle/laHHOE BHIIE NPe/NoJa0KeHne
o nenpepuiBHOCTH E 1 monycTuM, uto lm | E(Xg)=0 pas
BCIKOH 0000IIEHHOR MOCAENOBaTeNbHOCTH (X,] 3/1€MEHTOB
u3 &,, cxonswefics, yonbas, K nysao0. Torna knace #y npe-

JEJI0B BO3pacTaoUHX O0O0COLIEHHBIX NOCJAEN0BaTEAbHOCTEN
DOJIOXHTENbHEIX (yHKUKHA H3 & n npofoaxenune E Ha 7).

KODpEKTHO onpenensiemoe GopMmy.1o#
E (lim t X,) =lim ¢ E (Xy),

no-npexHemy o6nanai0T NEPEyHCHeHHHIMH BbilIE CBOINCT-
Bamu (a)—(r) (cmofictBo (r) cnpaBesI¥BO NpH 3TOM AIs
BCsIKOR BO3pacramuel o606IIEHHOH NOCTEeNOBaTENBHOCTIE
3JIeMEHTOB H3 5‘:) UrobH B s10oM YyOGEHIThCH, 10CTATOUHO

JHIIE B HHXECJeIyOlEM J0Ka3aTeNbCTBE 3aMEHHTh [o-
CJIEIOBATEABHOCTH Ha 0600ueHHbIe OCTEN0BaTEIBHOCTH.

INlokasateabcTBO. PacnpocTpanuM CHauala JeMMy
1.5.1 na obyuxusum.

Jlemma Ecau {X;, m= 1} u {X;’, n=>1} —dee 603-
pacrarwue notaedoBaTeAbHOCTY IACMEHTOB U3 & ,, TAKUE,
uro lim 1 X; <limX;, o lim } E(X])<<lim } E(X7).

m n m n

ITocKOMIBKY, cOrIacHO NMpEennogoXKeHHsIM Haiero npex-
JIOXKEHI, JuHeAHBH ¢yHKunonan £ HenpepuiBEH OTHO-
CHTEJbHO MOHOTOHHHIX NOCIEefOBaTENbHOCTE, T, €. X, § 0=
=D E(X,) {0, H nocKoJMbKy TO YCJIOBHIO JEMMH

im ¢ inf (X7, X)=X, (m=1)

B &, NOCTOJBKY
lim ¢ E (X7) > lim ¢ E[inf (X7, X" =E(X,) (m>=1).
IMonarast Teneps m —> oo, yOexpaeMcs B CIpaBeAJHBOCTII
JieMMBl.
M3 noKa3aHHOM JeMMBI BEITeKaerT, uto ecay X = Hm 4 X,
X,.e&, X X,), 1o supaxenue lim? E(X,) 3aBuCHT
JAub oT X 1 HE 3aBUCHT OT nocnenoaa're;rbﬂocm (Xp n=21].

5 3ak. 1368
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IMostoMy paanHoe Bhie onpegenetne E(X) nas X7,
KOPPEKTHO N H3 MOJOXKHTEIBHOCTI: E cleiyeT OueBIIihM
o6pa3oM, uro HoJdyueHHoe npojpoakeHue £ ¢ &, Ha 7,
nodoxuteabdo.  CaencTsHeM JeMMBl  sBJsgeTcs Takxe
croileTBO (B).

Jas jokaszareanerBa cBodcTs (6) AocTATOUHO 3aMETHTb,
ure ecan

X;=lim”% X, n Xy=lim 1 Xn.-z(Xn.iEg)ﬂ XieZ)
n n

TO
cX,=lim%}cX,,; nmpu c¢>=0,
n

X, +X2=hm ? (Xn. [+X11.2);

sup (X,, Xo)= 11m sup (X, 1, X o)

inf (Xn. [ Xu. 2)= lim T inf (Xn I Xn.z)-

H 3aTeM lCIoJb30BaTh onpegedecane E (-). Oc-rzmocra 0~
Kazatbh csoderso (r). [lyers ¢yHKIuU —llml)’,,,n

(Y o=&,, n>=1) npunagiexar £, u Bo3paCTa10'r ¢ po-
croM n, Iloaaras
Zp=sup Y, .=¢, (m=1),
nsm
HMeeM
Yon<KZn< Xy (mZ=n), L < Zpurs

E (Ym, n<E (Z)<E (Xm) (/71 = n), EZ,< EZ,,,

OTKyZa, verpeMasis m 1 3ateM 7 K OecKoliedHocTl, HO-
Jyyae N
lint Xp,=limtZ,=#,
I
limt EX,=lim{ EZ, —E(llm AN |
n )

B cayyae Korga IpoCTpAHCTBO & B IPCABAVILEM Npel-
JIOKEHUH eCTh [IPOCTPAHCTRO CTYNEHUYATBIX jI. C. B, Ha Be-
postHocTHOM npoctpanerse (92, A, P), U3 upeldloueHns
11.2,4 Bmtekaer, 4To KaacC #, CoBmaiaeT C KJacCoM
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Beex MNOJOXKHTeNBHHX . ¢. B. (KOHEUHHIX HJH OecKoHeu-
ubix) Ha (Q, o, P). IIpenninyiuee npeAsoKeHne ONHCHBaeT
B 5TOM CJjyuae CBOMeTBA MATEeMATHUYECKOrO OXHAAHMA IIO-
JOAHMTEIBHEIX 1. C. B,

I. c. 8. X Ha3biBaeTcst uxreepupyemali, ecau E (X*) < o0

1 E(X7) < oo. Bee orpaiuueHHbe # Bce CTyNeHUaThie 1. C. B.,
oueBHIHO, uHTerpupyeMul. IlonoxurensHas a. c. 8. X Hi-
TerpupyeMa Torja i Todabko torna, korma E(X)<oco. Jlan
awboii uHTErpupyeMo A. ¢. B. X noaoxum E(X)=
= E(XY)=E(X"). 3ra ¢opmyna ompeneiser NPOAOJIKe-
e E () Ha Bce HHTErpHpyemble J. C. B. C COXPaHEHHEM
csofieTs JauHeHHOCTH, TOJOKHTEIBHOCTH M MOHOTOHHOH He-
IIpepHIBHOCTH (CM. NpennoMKeHHe HUXKe).

JI. c. B. HasnplBaeTCd KeA3uuHTEZpupyemoli, ecliu 1O
MeHbllell Mepe OJHO H3 Huced E(X*) u E(X”) Komeuso;
3TO VCJIOBHE #ABJAAETCH caMblM OOUIHM yCJaoBHEM, I03BO-
JAAI0ILEM  ONpEeEeJHTh MaTeMaTHuecKoe oXligauve ¢op-
MY.I0il

EX)=E(x")-E(X).

MMpennoxenune 11.3.3. Maremaruueckoe owmuda-
Hue E(-) Ha mHowecTse Kea3uuureepupyemuviX 0. c. 8.,
‘onpedeseHHbIX HA BepOATHOCTHOM npocTpencTee (2, A, P),
ob6aadaer caedyrowumy C8oUCTEAMU:

(a) E(X)=R; E(X)= R roeda u roasko rozda, koeda X
unreepupyema, u 8 Irom cayuae P((X = £ oo])=0;
E(X)>=0, ecau X=0 usu ecau P{{X <0})=0;

(6) E(cX)=CcE(X) dan rwboti xoHewHOi KOHCTAHTLL C;
EX+YV=EX)+E(Y), ecau cyuma X +Y onpe-
deaena') u ecaw X u Y (wnn X" un YY) uHTeZpU-
pyesst;

(8) XSYSEMX)<E(Y);

(r) Xx P X=SEX)YE(X), ecau Xn uHrezpupyema
x0T 6o. dan 00HO20 n;

Xon L\ X=DE(X,) | E(X), ecau X, uHTezpupyema
x0T 661 Oas 00HoZ0 1.

1) HocraToudo norpeGoBaTth, uToObl P-BEepPOATHOCTL MHOKECTBa,
Ha xoropoM cyMma X+Y ue onpegeaena, Gua pasHa Hyadwo. Ana-
"JIOrHYHbie 3aMeuaHHS MOMXKHO C/eqaTh OTHOCHTeabllo csofictB (B) u (r)
u qaemvel Qary — JleGera (cM. Hnike). — [Tpust. nepes,
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HoxkasareasctBo. CnofictBa (a) um mnepBoe 3
cBoitcTs (6) HenocpenCTBEHHO BLITEKAIOT H3 OllpenedeHuit.
Jlas nokasaTeJbeTBa alANTHBHOCTH E (1) 3aMeTHM cHauaja,
uro ecTd X; H X,— 1ABe NOJOXHTEIbHBIE 1. C. B. H TO
Kpadlueit Mepe OJHA H3 HHX UHTErpHpyeMa I  eCau

— Xo500 —o00 B KamxAoil TOUKe npocrpaHcTBa €,
T I ¢ B. X;— X, KsasuuurerpupyeMa u E(X)=
= E(X,)— E (X,). B caMon sete, nveem X' << X, X~ < X,,
clego3ateapno, X kpasunnterpupyeMa n X' 4+ X, = X~ + X,
otkvaa E(X)=E(X*)— E(X")=E(X,)— E (X;). Aagurus-
Hocth E(-) npn BhinosHewdH Ykasawuex B (6) ycaosu#
SBASIETCS Tenepb IPOCTHIM CIEACTBIIEM Pa3JorKeHI

+ + - =
X+Y=X"+7)-x+71).
MonoTtonnocts E(-) caeayer H3 yXe 